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Abstract 

In this paper, we consider group classification of local and quasi-local 
symmetries for a general fourth-order evolution equations in one spatial vari- 
able. Following the approach developed in [22], we construct all inequivalent 
evolution equations belonging to the class under study which admit either 
semi-simple Lie groups or solvable Lie groups. The obtained lists of invariant 
equations (up to a local change of variables) contain both the well-known 
equations and a variety of new ones possessing rich symmetry. Based on the 
results on the group classification for local symmetries, the group classifica- 
tion for quasi-local symmetries of the equations is also given. 
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1. Introduction 

The purpose of this article is to classify local and nonlocal symmetries of fourth- 
order evolution equations of the form 

Uf -f Uxi "in 'U'xxx)'U'xxxx G(t, X, M, U X i V>xxi U xxx ) ■ (1) 

Here F and G are arbitrary smooth functions and F / 0. Hereafter we adopt 
notations u = u(t,x), u t = du/dt, u x = du/dx, u xx = d 2 u/dx 2 , etc. 
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This paper is a farther development of the the methods classification approach 
suggested in |22j and successfully applied to various equations of mathematical and 
theoretical physics in [H [H HH H31 [221 [23] . It also generalizes the results of [12] . 

The class partial differential equations of Eq. ([I]) contains a number of impor- 
tant mathematical physics equations. Among the particular cases of Eq.(JTJ there 
are, the Kuramoto-Sivashinsky (KS) equation 

Ut U X xxx U xx 2^^' (^0 

the extended Fisher-Kolmogorov (eFK) equation 

Ut = Uxxxx + u xx U ~\~ U, (3) 

the Swift-Hohenberg (SH) equation 

u t = -u xxxx - 2u xx - u 3 + (k - l)u, k6R. (4) 
It also contains the equation describing surface tension driven thin film flows 

u t = -(u 3 u xxx + f(u,u x , u xx )j , 

whose appropriate forms have been used to model fluid flows in physical situa- 
tions such as coating, draining of foams, and the movement of contact lenses |16j . 
Another interesting particular case is the equation 

u t = -(f(u)u xxx ) x + (g(u)u x ) x , 

which appears in the context of surface dominated motion of thin viscous films 
and spreading droplets or plasticity (for further details, see, [5] and the references 
therein). If f(u) = u n , g{u) = 0, it is the generalized lubrication equation. When 
n — 3, it is the capillary-driven flow. Equations with n < 3 can be used to describe 
slip models in the vicinity of u —* 0. Another case of practical importance is n = 1, 
which describes the thickness of a thin bridge between two masses of fluid in a 
Hele-Shaw cell [7]. 

In [12], we perform preliminary group classification of the equations 

Ut u xxxx + G{t } x } u, u X} u xx , u xxx ) , (5) 

obtained from Eq.([T]) by putting F — —1. Note that the so obtained lists of 
invariant equations contain equations (jSD as particulars cases. 

Lie symmetries play the central role in the modern theory of differential equa- 
tions. One of the primary questions of theory of Lie symmetries is whether a given 
equation admits nontrivial symmetry. If the answer is positive one can apply the 
whole wealth of approaches utilizing symmetries to analyze and solve the equation 
in question. So that group classification of equations ([T]) is necessary first step in 



2 



utilizing any symmetry methods and techniques. In the present paper, we per- 
form preliminary group classification of Eq.([T]) and describe all possible forms of 
the functions F and G such that Eq.fJJJ admit symmetry groups of the dimension 
n < 4. 

The history of group classification methods goes back to Lie himself. In [T4] 
he proved that a linear two-dimensional second-order partial differential equation 
(PDE) can admit at most three-parameter invariance group (apart from the triv- 
ial infinite-parameter symmetry group, which is due to linearity). The modern 
formulation of the problem of group classification of PDEs has been suggested by 
Ovsyannikov [17] . He introduced a regular method based on the concept of equiv- 
alence group (we will refer to it as the Lie- Ovsyannikov method). Ovsyannikov's 
approach works at its best when the equivalence group of an equation under study 
is finite-dimensional and is not very efficient otherwise. So that the equations with 
arbitrary elements depending on two and more arguments cannot be efficiently han- 
dled with the Lie- Ovsyannikov method. To overcome this difficulty, Zhdanov and 
Lahno developed a different purely algebraic approach enabling to classify classes 
of PDEs having infinite-dimensional equivalence groups [22J . 

The method suggested in [22] has been applied to classify broad classes of heat 
conductivity [1], Schrodinger [21], KdV-type evolution [11], nonlinear wave [13], 
general second-order quasi-linear evolution [23J , third-order nonlinear evolution [3 J 
and fourth-order evolution 12] equations. Here we follow the approach of [22] in 
order to describe fourth-order nonlinear evolution equations ([1]) having non-trivial 
symmetry properties. 

Our classification algorithm for local symmetries is a combination of the stan- 
dard Lie infinitesimal algorithm, equivalence group and the structures of abstract 
Lie algebra. It consists of three major steps. We give a brief description of the 
steps involved. Further details can be found in |22j . 

The first step is to compute the most general symmetry group of ([I]) together 
with the classifying equations for F and G. In addition, we calculate the maximal 
local equivalence group admitted by Eq.fJJJ under consideration. The second step is 
essentially based on the explicit forms of commutation relations of low dimensional 
abstract Lie algebras [21 ESI EE]- Using these we construct all inequivalent real- 
izations of symmetry algebras by basis infinitesimal operators admitted by Eq.fJJJ). 
The third step is inserting the canonical forms of symmetry generators into the 
classifying equations, solving them, and deriving the invariant equations. Also we 
need to make sure that the corresponding symmetry algebras are maximal in Lie's 
sense. 

Since Lie symmetry is not always the best answer to all challenges of the mod- 
ern theory of nonlinear differential equations, one has always been looking for ways 
to generalize it. A generalization is to allow for infinitesimals depending on the 
global behavior of the dependent variable, which is just the way the non-local 
symmetries arose. The most well studied non-local symmetries are those of linear 
PDEs [91 [10] , while for those of nonlinear PDEs, much less is known. One possible 
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approach has been suggested by Bluman [HI IB]- He derived non-local symmetries 
(potential symmetries) admitted by a given differential equation by realizing such 
symmetries as local symmetries of an associated auxiliary system. There is another 
way to constructing non-local symmetries which is to apply a non-local transfor- 
mation to an equation admitting nontrivial Lie symmetries. Then some of Lie 
symmetries of the initial equation will remain Lie symmetries of the transformed 
equation, while the others become non-local ones, which are called quasi-local sym- 
metries. The term quasi-local has been introduced independently in [1] and [15] 
to distinguish non-local symmetries that are equivalent to local ones through non- 
local transformation. It was noted in [I] that results of the group classification for 
local symmetries can be utilized to derive quasi-local symmetries of PDEs under 
study. Zhdanov and Lahno obtained some nontrivial examples of second-order evo- 
lution equations with quasi- local symmetries in [21]. recently, Zhdanov suggested 
a regular group-theoretical approach to the problem of classification of evolution 
equations that admit quasi- local symmetries |20j. 




The principal motivation for the present paper is a need for a unified group 
classification approach enabling to obtain both local/Lie and quasi-local/non-local 
symmetries of equations of the form (JTJ). This approach is essentially based on the 
methods developed in the above mentioned papers [22| [20]. 

The outline of this paper is as follows. In Section 2, we obtain the classifying 
equations for the functions F, G and give the equivalence group of Eq.flTJ. In 
Section 3, we provide a detailed description of equations of the form ([!]) invariant 
with respect to semi-simple algebras. Section 4 is devoted to the classification 
of those evolution equations ([1]) which admit solvable Lie algebras. In Section 5, 
utilizing the results obtained while classifying for local symmetries, we derive the 
realizations of Lie algebras leading to equations admitting quasi-local symmetries. 

2. Preliminary group analysis of Eq.([T]) 

In this section we derive the classifying equations for coefficients of ininitesimal op- 
erators of symmetry group of Eq.flT]). Next, we obtain its most general equivalence 
group. It is a common knowledge that the Lie transformation group admitted by 
([T]) is generated by the infinitesimal operators of the form 



where r, £, rj are arbitrary, real-valued smooth functions defined in some subspace of 
the space V = M. 2 x R 1 of the independent (t, x) and the dependent (u) variables. 

The vector field (0) generates one-parameter invariance group of ([T]) iff its co- 
efficients r, £, r) satisfy the determining equation (Lie's invariance criterion) 




V = r(t, x, u)dt + £(t, x, u)d x + r)(t, x, u)d, 



(6) 



'/ - [rF t + a:, + '//•; + v x f Ux + /r /•;„., + v xxx f Uxxx } Uxxxx - ,r-r 

- [rG t + HF X + V G U + rj x G Ux + V ™G Uxx + V xxx G Ux J \ Ut = F u xxxx+G = 0, 
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where 

77' = D t {r))-u t D t { T )-u x D t {£), 
rf = D x (rj) - u t D x (r) - u x D x (£), 
//'••' = PAn' ) - u xt D x (r) - u xx D x (£), 
if''" = D x (r] xx ) - u xxt D x (r) - u xxx D x (£), 
rf xxx = D x {rf xx ) — u xxxt D x {r) — u xxxx D x {^). 

and the operators D t and D x denote the total derivatives with respect to the 
variables t and x respectively, 

D t = d t + u t d u + u tt d Ut + u xt d Ux + 

D x = d x + u x d u + u tx d Ut + u xx d Ux + .... 

Equating coefficients of linearly independent terms of invariance condition above 
to zero yields an over-determined system of linear PDEs. Solving it, we arrive at 
the following assertion. 

Proposition 1. The most general symmetry group of (pQ) is generated by the in- 
finitesimal operators 

V = r(t)d t + £(t, x, u)d x + 7](t } x, u)d u , (7) 
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where r, £ and rj are real-valued functions satisfying the classifying equations 
(4£v.Ux + 4£z - f)F - rF t - £F X - r]F u + (u x £ x - u x i] u + u 2 x £ u - r] x )F Ux 

( "ra^ti f]xx ~\~ U x ^ uu U x Tj uu ^U x Tj xu -\- ^2,U XX ^ X -\- U x ^ xx -\- 2,U X ^ XU 
-\- 3u x U xx ^ u ^j F Uxx -\- ( 3>U x Tj xuu Tjxxx -\- U x ^ uuu ^U x Tj xxu ^>U xx Tj xu 
-\- 3lL xxx ^ x -\- 3u xx ^ u -\- QUxxCxx ^U x ^ xuu -\- U x ^ xxx -\- 6u x U xx ^ uu U x Tj uuu 

-\- 9u x u xx ^ xu u xxx rj u -\- 4:U x u xxx ^ u -\- 3u x C, xxu 3>u x u xx rj uu )F Uxxx 0, 

( ^'^'U X U XX T) XUU U x Tj uuuu -\- U x $ iXXXX -\- U x ^ uuuu -\- 4:U X ^ XUUU ^>U x Tj X xuu 

~\~ ^^ x ^,xxuu ^U X xxVxu 6u xx Tj xxu 4:U X T] XXXU -\- \2,U XX ^ XU ^U x Tj xuuu 

^^xxVuu ^y> x ^xxxu ^^xxCxxx ^^xxx^xx Vxxxx 6*U X U xx f]uuu (8) 

i6u x u xxx ^ xu ^u x u xxx rj uu -\- \0u x u xxx C, uu -\- \^>u x u xx ^ uu -\- ^0u x u xx ^ uuu 

-\- ^-OUxxUxxx^u '^'^J' X U XX ^ XUU ~\- ^&U X U XX ^ XXU )F -\- {j]u T U X ^ U ^)G 

- rG t - t,G x - rjG u + {u x i x - u x rj u + u% a - r] x )G Ux + (-u xx r] u - 7] xx 

^x^uu ^ x Vuu ^UxTjxu ^^xx^x ^x^xx 2u x £ iXU -\- 'Su x U xx £ tU )G Uxx 
( 3u x Tj xuu TJxxx ^ x ^uuu 3u x T] xxu ^>U xx Tj xu -\- <$U XXX ^ X -\- 3u xx ^ u 
-\- Su xx ^ xx -\- 3u x ^ xuu -\- U x ^ xxx -\- 6u x U xx ^ uu U x Tj uuu -\- Qu x U X xCxu 

UxxxVu ^U X U XXX ^ U ~\- <iu x ^ xxu 3u x U xx 7] uu )G Uxxx U x ^t T)t 0; 

Here and after the dot over a symbol stands for differentiation with respect to its 
argument. 

If there are no restrictions on F and G, then ([8]) should be satisfied identically, 
which is only possible when the symmetry group is the trivial group of identity 
transformations. Our goal is finding all specific forms of F and G for which Eq.([T]) 
admits non-trivial symmetry groups. The basic idea, as suggested in [22], is to 
utilize the fact that for arbitrarily fixed F and G, all admissible vector fields form 
a Lie algebra. So that we can use the results of classification of abstract low- 
dimensional Lie algebras to construct all Lie symmetries of the form ([7]) admitted 
by ([I]). The next step is integrating the classifying equations, which yields the 
explicit form of the functions F, G. 

As a first step we need to compute the equivalence group of Eq. ([T|) . To this end 
we have to construct all possible invertible changes of variables 

D(T X U) 

t = T(t,x,u), x = X(t,x,u), u=U(t,x,u), -—j — ^^0, 

L>{t, X, U) 

which do not alter the form of Eq. ([1]) . We present the final result of our calculations 
without detailed proof. 
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Proposition 2. |3j The maximal equivalence group of Eq.flTJ reads as 

i=T(t), x = X(t,x,u), u = U(t,x,u), (9) 
where T^O and D J;f' U ) 7^ 0. 

' D(x,u) I 

We use equivalence transformation (Q to transform vector field ([7j) to a simplest 
possible (canonical) form. 

Lemma 1. Within the point transformation (Q, vector field ([7]) is equivalent to 
one of the following canonical operators 

d t , d x . (10) 

Proof. Transformation (Q converts operator ((Tj) into 

V = rfd- t + (rX t + £X X + V X u )d x + (rU t + £U X + r]U u )d u . 

The are two cases r / and r = to consider. 

If t 7^ 0, choosing in (Q the function T to satisfy tT = 1 and the functions X 
and U to be any two independent solutions of the equation 

rY t + £Y X + V Y U = 0, Y = Y(t,x,u), 

leads to the canonical form d t . 

Suppose now that r = and £ 2 + rf 7^ (otherwise operator ([7]) vanishes 
identically), then (J7J is transformed to 

V = {iX x + rjX u )d x + {ffj x + vU u )d a . 

If £ 7^ 0, then choosing in flU]) a particular solution of ^X^. + r\X u = 1 as the 
function X and a fundamental solution of £JJ X + ryC/^ = as {7, transforms (jTJ) into 

If £ = 0, r/ 7^ 0, by making the transformation (Q with t = t, x = u, u = x, 
we get the case £ 7^ 0, which has been already considered. 

It is straightforward to verify that there is no transformation which can 
transform d t and d x into another. □ 

Consequently, we have two inequivalent realizations of one-dimensional sym- 
metry algebras dt and d x . Integrating the classifying equations for each symmetry 
operator yields the corresponding inequivalent equations of class (pQ). 

In what follows, we use the notation Aj-.i = (Vi,V2, ••• ,14) to denote a k- 
dimensional Lie algebra with basis elements Vi (i = 1, 2, • • • ,k), the index i standing 
for the number of the class to which the given algebra belongs. 

Theorem 1. There are two inequivalent equations (pQ) invariant under one-para- 
meter symmetry groups: 

■A 1 (^t) • F(X) Uy U X) U XXJ U xxx )U XXX x G{x ) 11, Mi, U XXl U XX x)i 

-^■1 {f^x) • -F(tj It, u XJ u XXJ u xxx ^u xxxx -\- G(t, tt, U XJ U XXJ u xxx ^). 

Here F and G are arbitrary smooth functions. Furthermore, the associated sym- 
metry algebra is maximal in Lie 's sense. 
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3. Classification of equations invariant under semi-simple Lie algebras 

In this section, we classify all the equations of the form (0Q) admitting semi-simple 
Lie algebras. The lowest order real semi-simple Lie algebras are isomorphic to one 
of the following two three-dimensional algebras: 

so{3) : [Vi, V 2 ] = V 3 , [Vi, V 3 ] = -V 2 , [V 2 , V 3 ] = V,; 

si(2,R) : [v 1: v 2 ] = 2v 2 , [v h v 3 ] = -2V 3 , [v 2 ,v 3 ] = v x . 

We begin by studying realizations of the algebras so(3) within the class of 
operators (J7]). 

Taking into account of our preliminary classification, we can assume without 
any loss of generality that one of the basis operators, say Vi, is reduced to one of 
the canonical forms d t and d x . 

Let V\ = d t and V 2 , V 3 be of the form (J7|), i.e., Vi = Ti(t)d t + ^i{t,x,u)d x + 
r]i(t,x,u)d u , i = 2,3. Using [Vi,^] = V3 we find that f 2 = r 3 . Nest, it follows 
from [Vi, V 3 ] = — V 2 that f 3 = —r 2 . With these facts in hand and using the relation 
[V2, V3] = V\ we arrive at r 2 f 3 — r 3 f 2 = 1, which in turn yields equationr|+f 2 2 = —1. 
This equation has no real solutions, so there are no realizations of so(3) with 
Vx = d t . 

Turn now to the case V\ — d x . A similar analysis yileds a unique realization of 
so(3) 

(d x ,tanusxnxd x + cosxd u , tanucosx9 2 — sinxd u ) 

However, this algebra cannot be symmetry algebra of an equation of the form ([T|). 

Theorem 2. There are no so (3) -invariant equations of the form ([T|). 

In a similar way we analyze possible realizations of the algebra sl(2, M) and get 
the following assertion. 

Theorem 3. There are six inequivalent realizations of sl(2,M) by operators (J7j) ; 
which are admitted by Eq.($$. These realizations and the corresponding forms of 
the functions F, G are presented below 

si 1 (2, R) = (2td t + xd x , -t 2 d t - txd x + x 2 d u , d t ) : 

„ 2p / \ n G(uj u uj 2 ,u 3 ) xuu x -u 2 
F = x F{ui, u 2 , lu 3 ), G = 1 , 

uj\ = xu x — 2u, uj 2 = x 2 u xx — 2u, uj 3 = x 3 u xxx , 
sl 2 (2, R) = (2td t + xd x , -t 2 d t + (x 3 - tx)d x , d t ) : 
F(u,u>i,uj 2 ) 

r = 3-5 , 

x A u x 

\%x 2 u xxx + 9,7xu xx + l^u x G(u,ui,u 2 ) u x 

G = t-= F(u, Ui, lo 2 ) 



o 6 u x x 3 u x Ax 



XU XX ~t~ 3ll x X U xxx ~t~ 9XU XX ~t~ l^li^ 

XU X X Z U X 

s/ 3 (2, M.) = (2xd x — ud U) —x 2 d x + xud u , d x ) : 

F(t,wi,w 2 ) ^ 2u xxx u 2 - 9u x u xx u + 9u 3 
F = , G = -8 F(t,vi,v 2 ) +uG[t,u 1 ,u 2 ), 

_ uu xx - 2u 2 x _ u xxx u 2 - 9u x u xx u + 12ul 

^1 — R — „ > 

M b U 

si 4 (2,R) = (2xd x ,-x 2 d x ,d x ) : 

F = F t, ^ ,U , G = §-^-{u 2 xx - u x u xxx )F(t, u, u) + uG(t, u, a), 
u x u x 

^^xx 2u x ii xxx 

U ~ 4 ' 

sl 5 {2, R) = (2xd x - ud u , {— A - x 2 )d x + xud u , d x ) : 



r F(t,wi,w 2 ), 



■u 6 + Av? x y 

u 

+ 96w 2 (417w 10 - 208u xx u 5 + 2&4>* + 32u 3 u xxx (u 5 + 20u xx )u 3 x 



G = -— — ——[146880^ + 192w(641w 5 - 167^)^ - 89Qu 2 u xxx u 5 



+ 6w 3 (855w 15 - 1092m ;e;e m 10 - I76u 2 xx u 5 - 160u 3 xx )u 2 x + 32u 9 u xxx (2u 5 + hu xx )u 3 



+ 3« 14 (77 M 10 - \Q2u xx u b + 3fo4)]F(f , ^, cu 2 ) + v - - u u u 2 ), 



u 3 



UJl = T~* 7~^( u -2uu xx + 10u a .), 

(m 6 + 4^2)2 

^2 = ( M 6 + 4m 2)3 [ m ^ m8 ~ 9u x u x X u 7 + 12m 3 m 6 + Au x (u x ii xxx - Su 2 xx )u 2 
+ 36x4 w xx ti — 60uJ, 

1 



s/ e (2, R) = (2x9 x - ud u , -{x 2 + ^)d x + xud u , d x ) : 



F(t,oj 1 ,oj 2 ), 



' («• - 4ti|) 

G = - a, b \ 2 , 4 [146880< - 192w(641« 5 + 167^)^ - 896^^,44 
4(w D — 4-ujJ 4 
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+ 96w 2 (417u 10 + 208u xx u 5 + 28u 2 xx )u x - 32u 3 u xxx (u 5 - 20u xx )u 3 x 

- 6u 3 (855u 15 + I092u xx u 10 - UQu 2 xx u b + 160ul x )u 2 x + 32u 9 u xxx (2u 5 - hu Xi 

+ 3u u (77u w + 162u xx u 5 + 36u 2 xx )]F(t, u u u 2 ) + V x - ; wi, w 2 ), 

ir 

1t^ 

it 3 

^2 = ( M 6 _ 4^2)3 [uxxxU 8 - 9u x u xx u 7 + 12ulu 6 + Au x {3u 2 xx - u x u xxx )u 2 
— 36u x u xx u + 60u x }. 

The algebras sl l (2, R), (i = 1, 2, . . . , 6) are the maximal invariance algebras of the 
corresponding PDEs, provided the functions F and G are arbitrary. 

Theorem 4. The invariant equations listed in Theorem exhaust the list of all 
possible inequivalent PDEs (pQ) ; whose invariance algebras are semi-simple. 

Proof. It is a common knowledge that the lowest dimensional semi-simple Lie al- 
gebras admit the following isomorphisms 

so{3) ~ su{2) ~ sp(l), sl(2, R) ~ su(l, 1) ~ so{2, 1) ~ sp(l, R) 

(see, e.g., [2]). Hence it immediately follows that the realizations of the algebra 
si (2, R) exhaust the set of all possible inequivalent realizations of three-dimensional 
semi-simple Lie algebras admitted by (CQ). 

The next admissible dimension for classical semi-simple Lie algebras is six. 
There are four non-isomorphic semi-simple Lie algebras over the real number field, 
namely, so(4), so*(4), so(3,l), and so(2,2). As so(4) ~ so (3) © so(3), so*(4) ~ 
so(3) © s/(2,R), and the algebra so(3, 1) contains so(3) as a subalgebra, there are 
no realization of these algebras by operator (JTj). Therefore so(2,2) is the only 
candidate for six- dimensional semi-simple symmetry algebra of ([1]). 

In view of so(2,2) ~ s/(2,R) © s/(2,R), we can choose so(2,2) = (Q h Ki\i = 
1, 2, 3), where (Qi, Q 2 , Q3) and (Ki, K 2 , K 3 ) are all si (2, R) algebras, and [Qi, K 3 ] = 
0, = 1,2,3). Taking Q 1 , Q 2 , Q3 to be the basis operators of the realizations 
of si (2, R) given in the Theorem [31 and K 1} K 2 , K 3 be of the general form (J7]), we 
establish that realizations of sl(2, R) cannot be extended to a realization of so (2, 2). 
Hence no equation of form is invariant under six- dimensional semi-simple Lie 
algebras. 

The similar reasoning yields that there are no realizations of eight-dimensional 
semi-simple Lie algebras s/(3,R), sit (3) and sit(2, 1). 

The same assertion holds true for the algebras A n _i (n > 1), D n (n > 1), 
B n (n > 1), C n (n > 1) and the exceptional semi-simple Lie algebras G 2 , F 4 , E e , 

The theorem is proved. □ 
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4. Classification of equations invariant under solvable Lie algebras 

Using the concept of compositional series for a solvable algebra we can construct all 
possible realizations of solvable Lie algebras admitted by Eq.flJJ) starting from the 
one-dimensional ones and proceeding to the solvable Lie algebras of the dimension 
2, 3, 4, . . . (for more details, see [1]). 

In this section, we describe inequivalent equations of the form Eq.([T]) which are 
invariant under solvable Lie algebras of the dimension up to four. Since equations 
invariant with respect to one-dimensional algebras have already been constructed, 
we start by analyzing two-dimensional solvable algebras. 

4.1. Equations with two-dimensional Lie algebras 

There are two non-isomorphic two-dimensional Lie algebras 

A 2 .i: [V h V 2 ] = Q, A 2 . 2 : [Vx,V 2 ] = V 2 . 

As both A 2 _x and A 22 contain the algebra A\, we can assume that the basis 
operator of the latter is reduced to one of the canonical forms. 

We consider in detail the case of A 2 .i, while for the case of algebra A 2 2 we 
present the final results only. 

Let V\ = d t and V 2 be an operator of the most general form ([7]) 

V 2 = r(t)d t + £(t, x, u)d x + r/(t, x, u)d u . 

Then the commutation relation implies that f = £t = rjt = 0. Therefore r is a 
constant and £ = £(x,u), r\ = r](x, u). So without any loss of generality we can put 
^2 = u)d x + rj(x,u)d u . Before simplifying V 2 with equivalence transformations 
(jHJ), we seek those equivalent transformations which preserve the basis operator V\ 

V 1 ^V 1 = fdt + X t d- X + U t d Q = dt. 

Hence, T = 1 and X t — Ut — 0. Consequently, we can take T = t, X = X(x,u) 
and U = U(x, u). Performing this transformation yields 

v 2 - v 2 = {tx x + v x u )d s + au x + v u u )d u . 

If r] = 0, we choose U — U(u) and £ satisfying ^X x = 1 thus getting V 2 = d x . 
Provided rj ^ 0, we can take X as a solution of £X X + r]X u = 1 and select U to 
satisfy £U X + r]U u = 0, get d x again. Thus within the action of equivalence group 
of Eq. flT]) , we get the following two-dimensional invariance algebra (d t ,d x ). 

Consider now the case when V\ = d x and V 2 is an operator of the form ([7]). 
Inserting V\ and V 2 into the commutation relation yields V 2 = r{t)d t + £(t, u)d x + 
r](t,u)d u . The equivalence transformation, which leaves V\ invariant, reads as 

x = x + X(t, u), u = U(t, u) 
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with U u 0. This transformation reduces V2 to the form 

V 2 = rtdt + (rX t + £ + r)X u )d x + (rU t + rjU u )d u . 
We consider the cases r = and r^O separately. 

If t = and 77 = 0, then V2 = £,d x . If £ u 7^ 0, choosing U — £ yields ud x . If 
£, u = and £ t = 0, then V2 = d x . And if £ u = and & 7^ 0, selecting T = £ yields 
14 = ^<9s- It is straightforward to verify that the so obtained two-dimensional Lie 
algebra, (d x , td x ) cannot be invariance algebras of an equation of the form ([I]). Now 
if t = and 77 7^ 0, we choose U and X satisfying = 1 and £ + r/X M = and 
get du- 

Turn next to the remaining case r^0. Choosing of T, X and C/ as the solutions 
of the equations tT = 1, tX ( + £ + r]X u = and rZ7$ + r]U u = 0, respectively, we 
arrive at the operator <9j. This yields the already known realization (d x ,dt). 

This completes analysis of the realizations of the algebra A 2 .i- The case of A2.2 
is treated similarly. 

Substituting the so obtained basis operators into the classifying equations and 
solving the latter yields the corresponding invariant equations. 



Theorem 5. There exist three Abelian and four non-Abelian two-dimensional sym- 
metry algebras admitted by ([T]). These algebras and the corresponding invariant 
equations are given below 



Algebra 




F 


G 


AlAdt,d x ) 




F(u^ U x , U X xi Uxxx) 


G\U, U x , Uxxi Mxxx) 


Ali{d x ,d u ) 




F(tj u x , u xx , u xxx ) 


G(t, u x , u xx , u xxx ) 


A 2 .x (d u -, xd u ) 




F(tj x, u xx , u xxx ) 


G(t, x, u xx , u xxx ) 


A\ 2 (-td t - xd x , 


dt) 


x F{xi^ xu x , x u xx ^ x u xxx ) 


( U j "JC^Jj x . 3& r ^ j xx'i *^ ^^xxx) 


A 2 2 2 {-td t - xd x , 


d x ) 


t F(u 7 tU Xl t U XX} t Uxxx) 


t G(%L^ tu x ^ t Uxx-i t ^xxx) 


A\^{—xd x — ud u , d x ) 


u F(t } Itx, uu xx , u u xxx ) 


llG{t^ Uxi W^xxi *W ^xxx) 


A 2 .2(~ x ^xi d x ) 




F(t, It, U x U XX} U x U xxx ) 


G(t, ti, U x Vj X xi l^x ^xxx) 



4.2. Equations admitting three-dimensional solvable Lie algebras 

We split three-dimensional solvable Lie algebras into two classes. One contains the 
algebras which are direct sums of lower dimensional algebras, the other includes 
the remaining algebras. We consider the decomposable and non-decomposable Lie 
algebras separately. 
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4.2.1 Three-dimensional decomposable algebras 



There exist two non-isomorphic three-dimensional decomposable Lie algebras, A 3 _i 
and A5.2, 

A 3A = A 1 @A 1 ®A 1 , 

with commutation relations 

\V i ,V j ]=Q{i,j = 1,2,3), 

and 

A 3 , 2 = A 2 , 2 ®A 1 , 

with commutation relations 

[Vi, V 2 ] = V 2 , [Vt, V 3 ] = 0, [V 2 , V 3 ] = 0. 

It is a common knowledge that any three-dimensional solvable Lie algebra con- 
tains two-dimensional solvable algebra as a subalgebra. So that to describe all 
possible realizations of three-dimensional solvable algebras admitted by Eq.([T]) it 
suffices to consider all possible extensions of two dimensional algebras listed in 
Theorem [5] by vector fields V3, of the form ([7]). Then for each of the so obtained 
realizations we simplify V 3 using equivalence transformations which preserve the 
operators V\ and V 2 . Having performed these two steps we obtain the following list 
of invariant equations ([T]): 

A3.1— invariant equations 

A\ x = (d t ,d x ,d u ) : 
A 2 3 l = {d t ,d u ,xd u } : 

F F{x, Uxxi "ira)i G U X xi U xxx ), 

A\ x = (d u ,xd u ,f(t,x)d u ), f xx ^0: 

F = F(t, x,uj), G = -^y^u xx F{t, x, oj) + G{t, x, u) + -j-u XX} 

fxxx 

Uxxx — 7 U>xx- 
J xx 



A 3 2 — invariant equations 

A \.2 = (~ td t ~ xd x ,d t ,d u ) : 

F = x 3 F(uj 1 , uj 2 , uj 3 ), G = x^Giux, uj 2 , uj 3 ) 
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LOi = XU X , L0 2 = X 2 U XX , UJ 3 = X 3 U XXX , 

A l.2 = (-tdt - ud u , d t , xud u ) : 

F = u- l e xai F(x,uj 1 ,oj 2 ), 

G = e xai [(6(T?(T 2 - 4<ti<t 3 - Z(r\)F(x,u u u 2 ) + G(x,wi,w 2 )], 

cti = u^u x , a 2 = u~ l u xx , a 3 = u~ l u xxx , 

lui = a 2 — a\, u 2 = a 3 + 2of — 3aia 2 , 
A l.2 = (-tdt - xd x , d x , tud x ) : 
F = tu x A F{u,Ui,u 2 ), 

G = -^r x u~ % u xx {2u x u xxx - 3u 2 xx )F(u, u 1 , u 2 ) + u x G(u, u 1 , io 2 ) - t~\ 
ui = * -1 uJ 3 Uxx, ^2 = F X u~ h {u x u xxx - 3u 2 xx ), 
A t.2 = (~tdt - xd x , d x , d u ) : 

F = t 3 F(wi, cj 2 , w 3 ), G = cj 2 , u 3 ), 

2 3 

^i — tu x , UJ 2 = t U xx , L0 3 = t u xxx , 
A l.2 = (-tdt - xd x , d x , td t ) : 

F = £ -1 uJ 4 F(u, uo 2 ), G = U)\, CJ 2 ), 

CJi = u x 2 u xx , u 2 = u~ 3 u xxx , 
A l.2 = (~ td t ~ xd x , d x , td t + d u ) : 

F = t?e- Au F(u u cu 2 , u 3 ), G — r'G^, u 2 , u 3 ), 
uji = te~ u u x , u 2 = t 2 e~ 2u u xx , u 3 = t 3 e~ 3u u xxx , 
A l.2 = {-xdx - ud u , d x , ud x ) : 

F = u 4 u x ~ 4 F(i,a;i,a;2), 

G = -5u A u~ 6 u xx (2u x u xxx - 3u 2 xx )F(t, u u u 2 ) + uu x G(t, u u u 2 ), 
uji = uu~ 3 u xx , u 2 = u 2 u~ 5 (u x u xxx - 3u 2 xx ), 
A l.2 = (~xd x - ud u , d x , d t ) : 

F = u 4 F(ui, u 2 , u 3 ), G = uG(uj!, u 2 , u 3 ), 

LO x =U x , U 2 = UU XX , U 3 = U 2 U XXX , 

A l.2 = (~xd x - ud u , d x , tud u ) : 
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F = u u x F(t, u>i, to 2 ), G — uG(t,u>i,u 2 ) +t uln\u a 
A l°2 = (-xd x ,d x ,d t ) : 



uji = uu x 2 u xx , u 2 = u 2 u x 3 u xxx , 



F = u x F(t,u 1 ,u 2 ), G = G(t,cJi,cj 2 ), 
^3.2 = (~ x d x , d x , d u ) : 



uji = u x 2 u xx , u 2 = u x 3 u xxx , 



F = u x F(u,ui,uj 2 ), G = G(u,lui,lu 2 ), 
UJ X = u~ 2 u xx , u 2 = u~ z u xxx . 



4.2.2 Three-dimensional non-decomposable algebras 

The list of inequivalent three-dimensional non-decomposable Lie algebras consists 
of the following seven Lie algebras (only nonzero commutation relations are given), 



^3.3 : 


[v 2 ,v 3 \ 








A 3A : 


[Vi,V 3 ] 


= v u 


[V 2 ,V 3 ) = 


V l + V 2 ; 


^3.5 : 


[Vi,V 3 ] 


= v u 


[V 2 ,V 3 } = 


V 2 ; 


^3.6 : 


[V h V 3 ] 


= v 1} 


[V 2 ,V 3 ] = 


-V 2 ; 


A 3 . 7 : 


[Vi,V 3 ] 


= v 1 , 


[V 2 ,V 3 } = 


qV 2 , (0 < |g| < 1); 


^3.8 : 


Wi,v 3 ] 


= -v 2 , 


[V 2 ,V 3 ] 


= V X \ 


-43.9 : 


[Vi,V 3 ] 


= qVi- 


- v 2 , [V 2 . 


,V 3 ] = V 1 + qV 2 , (q>0) 



All these algebras contain a two-dimensional Abelian ideal as a subalgebra. Thus, 
we can utilize results of classification of A 21 — invariant equations to construct 
Eq.fID which admit non-decomposable three-dimensional solvable Lie algebras. As 
a result, we arrive at the following invariance equations: 
A3.3— invariant equations, 

A l.3 = ( d u, d t , d x + td u ) : 

F F(u X i v>xx, i^xxx), G x -\- G(u X i U xx , u xxx ^j , 
Al 3 =(d U} d t ,(t + x)d u ) : 

F F\X, t^xx, U'xxx), G U x -\- G(x, U xx , U XX os), 

A l.3 = (d u ,d x ,td x + xd u ) : 
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F F(t, U xx , Uxxx) i G 2 ^(^' ^xxi ^xxx)i 

A \.z = ( d u, d x , d t + xd u ) : 

F F{u x t, U xx , Uxxx) i G G{u x t, U X xi "rax)) 

^■3.3 = (du) x d u , d x ) : 

F F(t, u xx , u xxx ) , G G{t,u xx ,u xxx ) , 
^3.3 = (d u ,xd u ,d t - d x ) : 

F = F(x + t, u xx , u xxx ), G = G(x + t, u xx , u xxx ), 
A 3.3 = (xd u , d u ,x d x + xud u ) : 

F = x 8 F(t, ui, u 2 ), G = 4x 6 (3u xx + 2xu xxx )F(t, Ui, lu 2 ) + xG(t, Ui,uj 2 ), 
uji = x 3 u xx , u 2 = x 4 (3u xx + xu xxx ), 
Al 3 = (x<9„, <9 U , d t + x 2 d x + xud u ) ■ 

F = x 8 F(ui,uj 2 , ou 3 ), G = 4x 6 (3u xx + 2xu xxx )F(uj 1 , uj 2 , ou 3 ) - iG(wi,u 2 , ^3), 
U j 1 = t + x" 1 , lo 2 = x 3 u xx , u 3 = x 4 (3u xx + xu xxx ). 



A 3A — invariant equations, 
a \a = (9u, d t , td t + d x + (t + u)d u ) : 

F = e~ x F(ui, lu 2 , u 3 ), G = x + G{ui, lu 2 , u 3 ), 
loi = e~ x u x , to 2 = e~ x u xx , uj 3 = e~ x u xxx , 
A\ A = (d u ,dt,td t + (t + u)d u ) : 

F = u x l F(x, ui,u 2 ), G = In \u x \ + G(x, ui,u 2 ), 

LUi = U~ X U XX , U 2 = U~ X U XXX , 

A\ A = (d u , d x , d t + xd x + (x + u)d u ) : 

F = e 4t F(ui, uj 2 , uj 3 ), G = e*G(wi, ou 2 , u 3 ), 
Ui = u x - t, lu 2 = e l u xx , u 3 = e 2t u xxx , 
A 3A = (du, d x , xd x + (x + u)d u ) : 

F = e 4u *F(t, ui, uo 2 ), G — e u *G{t, u u cu 2 ), 
ui = e Ux u xx , u 2 = e 2Ux u xxx , 
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A\ A = (9 U , xd u , -d x + ud u ) : 

F = F(t, ui,u 2 ), G = e~ x G(t,ui,u 2 ), 
loi = e x u xx , u>2 = e x u xxx , 
a Ia = ( d u, xd u , d t -d x + ud u ) ■ 

F = F(u u u 2 , u 3 ), G = e*G(wi, u 2 , w 3 ), 
ui — x + t, u 2 = e~ l u xx , u 3 = a~ l u xxx , 
A\ A = (xd u , d u , x 2 d x + (1 + x)ud u ) : 

F = x 8 F(t, ui, u 2 ), G = 4x 6 (3u xx + 2xu xxx )F(t, uj 1} u 2 ) + xe~*G(t, co 1 , u 2 ), 
uji = x 3 e*u xx , u 2 = x 4 e*(3u xx + xu xxx ), 
A\ A = (xd u , d u , d t + x 2 d x + (1 + x)ud u ) : 

F = x 8 F(u 1 ,u 2 , u 3 ), G = 4x 6 (3u xx + 2xu xxx )F(u 1 , u 2 , u 3 ) - xe l G(uJi, u 2 , u 3 ), 

u)i = t + -, u 2 = x 3 e~ t u xx , u 3 = x 4 e~\3u xx + xu xxx ). 
x 

A 3 5 — invariant equations, 
A\ 5 = (d t ,du,td t + ud u ) : 

F u x F{x,u x u xx ,u x u xxx ), G G{x,u x u xx ,u x u xxx ) 
^3.5 = ( d t, d u , td t + d x + ud u ) : 

F = e~ x F(u u u 2 , u 3 ), G = G(u u uj 2 , u 3 ), 
ui = e~ x u x , u 2 = e~ x u xx , u 3 = e~ x u xxx , 
A l.5 = (d x ,d u ,xd x + ud u ) : 

F = u xx F (ti u x, u xx u xxx ), G = u xx F(t, u x , u xx u xxx ), 
A ts = (d x , d u , d t + xd x + ud u ) : 

F = e^F^u-i,^), G = e'G(wi,w 2 , ^ 3 ), 

t it 
ux = u x , u 2 = e u xx , uj 3 = e u xxx , 

A 5 3 5 = (d u , xd u , ud u ) ■ 

F F(t, x, u xx u xxx ) , G u xx G(t, x, u xx u xxx ) , 

A t.5 = (d x ,ud x ,d t + xd x ) : 
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F — F{x,ui,u 2 ), G — e t G{x,ui,u 2 ), 
loi = e~ l u xx , u 2 = e~ l u xxx . 



A 3 6 — invariant equations, 

A l.e = (d t ,d u ,td t -ud u ) : 

F u x F{x, u x u xx , u x u xxx ), G u x G{x, u x u xx , u x u xxx ), 
A 2 3 6 = (dt, d u , td t + d x - ud u ) : 

F = e~ x F(u u u 2 , u 3 ), G — e- 2x G(uj u uj 2 , u 3 ), 



UJl = e x u x , uj 2 = e x u xx , uj 3 = e x u xxx , 
A 3.e = (pxi d u , xd x — ud u ) : 

i 

F = u~ 2 F(t,uji,uj 2 ), G = u£G(t,u 1 ,u 2 ), 

LOi = U X 2 U XX , U 2 = U~ 2 U XXX , 

A i.6 = (9x, d u , d t + d x - ud u ) ■ 

F = e 4 *F(^i, u 2 , u) 3 ), G = e~*G(u;i, u 2 , u 3 ), 

Of ^/ Af 

LOi = e u x , uj 2 = e° u xx , u 3 = e u xxx , 
A ie = ( d x, d u , xd x - ud u ) ■ 

F — x 4 F(t,u 1 ,u 2 ), G = x^G{t,uji,uj 2 ), 
Ui = x^u xx , u 2 = x^u xxx , 
A t.6 = (du, xd u , d t + 2xd x + ud u ) : 

F = e 8 *F(c;i, u 2 , u> 3 ), G = e*G(wi, u 2 , u 3 ), 
loi = e x, uj 2 = e° u xx , u 3 = e° u xxx . 

A 3 7 — invariant equations, 
A\ 7 = (d t ,d u ,td t + qud u ) : 

F = u x q F(x,u~ l u xx ,u x 1 u xxx ), F = u x q G{x,u~\^,u~ 1 u xxx ), 
Aj 7 = (d t , d u , td t + d x + qud u ) ■ 
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F = e~ x F{uj u u 2 , u 3 ), G — efe-^G^i, u 2 , Ws), 
^3.7 = (dx, d u , xd x + qud u ) : 



uji = e 9X u x , w 2 = e 9X u xx , u; 3 = e gx u xxx , 



F = u^FfauuUz), G = ur'Git,^,^), 

2—q 3-q 

A i.7 = (dx, d u , d t + xd x + qud u ) ■ 

F = e 4 *F(cJi, lu 2 , co 3 ), G = e qt G(u; 1: lu 2 , u 3 ), 

ui = e {1 ~ q)t u x , u 2 = e {2 ' q)t u xx , u 3 = e {3 ~ q)t u xxx , 
A t.7 = (dx, ud x , xd x + (1 - q)ud u ) : 

F — x 4 F(t,cu 1 ,uj 2 ), G — x T= ^G(t,uj 1 ,uj 2 ), 

2q—l 3q-2 
Ui= X i- 1 U xx , L0 2 = X 9-1 Uxxx , 

A t.7 = (dx, ud x , d t + xd x + (1 - q)ud u ) : 

F = e^-^F^, u 2 , u 3 ), G = e'G^i, uj 2 , lu 3 ), 

U! = e (q -^x, u 2 = e {l ~ 2q)t u xx , u 3 = e^' w 



A 3 . s — invariant equations, 

■^3.8 = (dx, d u , ud x — xd u ) : 

F = (l + ul)- 2 F(t,Lu 1 ,iu 2 ), 

G = -5u x u xx (l + u 2 x )~ 4 (2u 2 x u xxx - 3u x u 2 xx + 2u xxx )F(t, u u u 2 ) 
+ (l + t4)3G(i, Wl , W2 ), 

ui = (1 + u 2 x )~^u xx , u 2 = (1 + u 2 x )- 3 {u 2 x u xxx - 3u x u 2 xx + u xxx ), 
A l.s = (dx, d u , d t + ud x - xd u ) ■ 

F=(1 + uI)- 2 F(u 1 ,lu 2 ,lu 3 ), 

G = 5 2 [6^ arctan m x + (2u x u xxx + 12iu xa . - 6u x u xx + 2u xxx ) arctan« : 
(1 + u x ) 

+ 6t 2 M^ - 6tu x u 2 xx + 2tu 2 x u xxx + 3u 2 x u 2 xx + 2tu xxx - 2u\u xxx - 2u x u xxx \ 
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F(oj!, u 2 , uj 3 ) + (1 + u 2 x )^G(ui, 0J 2 , LV 3 ), 

uji = arctan-u^, + t, uj 2 = (1 + u 2 x )~^u xx , 

uj 3 = (1 + u 2 x )~ z (u 2 x u xxx - 3u x u 2 xx + u xxx + 3u^i), 

^3.8 = xd u, ~(x 2 + l )dx ~ xud u ) : 
F = (l + x 2 ) 4 F(t,cu 1 ,cu 2 ), 

G = Ax(l + x 2 ) 2 (2x 2 u xxx + 3xu xx + 2u xxx )F(t,uj 1 ,uj 2 ) + (1 + x 2 )*G(t, u u u 2 ), 
ui = (l + x 2 )^u xx , u 2 = (1 + x 2 )^(x 2 u xxx + 3xu xx + u xxx ), 
A t.s = ( d u, xdu, d t - {x 2 + l)d x - xud u ) : 
F=(l + x 2 ) 4 F(u 1 ,u 2 ,u 3 ), 

G = 4x(l + x 2 ) 2 u xx (2x 2 u xxx + 3xu xx + 2u xxx )]F(u 1 , co 2 , lv 3 ) + (1 + x 2 )*G(ui, u 2 , u 3 ), 
u>i — t + arctanrr, uj 2 = (1 + a; 2 )^^, cj 3 = (1 + x 2 )^u xxx — 3uj 2 (l)i — x). 

A 3 , 9 — invariant equations, 

^3.9 = (9 X , d u , (qx + u)d x + (qu - x)d u ) : 

F = (l + M 2 )-V 49arctan ^F(t,wi,w 2 ), 

G = -5u x u xx (l + u 2 x )- A e- A ^ ct ^{2u 2 x u xxx - 3u x u 2 xx + 2u xxx )F(t,u 1 ,u 2 ) 
+ (1 + u 2 x )h- q3XCtn G(t, u u u 2 ) 

Ui = (l + U 2 x )~iu xx , U 2 = (1 + U 2 X )~ 3 (U 2 X U XXX - 3U X U 2 XX + Uxxx), 

A l.9 = ( d x, d u , d t + (qx + u)d x + (qu - x)d u ) : 
F = (l + u 2 x )~ 2 e 4qt F(uj 1 ,uj 2 ,u J3 ), 

G = -5u xx (l + u 2 x )~ 4 e 4qt (2u 3 x u xxx - 3u 2 x u 2 xx + 2u x u xxx + 3u 2 xx )F(uj 1 , u 2 , lj 3 ) 

+ (i + ^Vgv,^,^), 

uj\ = t + arctan-u^,, uo 2 = (1 + u 2 )~^e qt u X x, 
u 3 = (l + u 2 x )~ 3 e 2qt (u 2 x u xxx - 3u x u 2 xx + w^), 
^3.9 = ( d u, xd u , -(x 2 + l)d x + (q- x)ud u ) : 
F= (x 2 + l) 4 F(t,cu 1 ,cu 2 ), 
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G = Ax(x 2 + 1) 2 [2(1 + x 2 )u xxx + 3xu xx }F(t,uj u uj 2 ) + (x 2 + l)V 9arctana: G(t, c^, 

u 1 = (x 2 + i)h q ^ x Uxx , 

lu 2 = (1 + u 2 x )h qaTCtanx (x 2 u xxx + 3xu xx + u xxx ) } 
^3.9 = (9 X , ud x, d t + (q- u)xd x - (u 2 + l)d u ) : 
F= (u 2 + l)\- 4 F(u Ju u J2 ,u J3 ), 

G = \-h{u 2 + 1 j ; //,.''//,,, (2//, //,,,,,. - 3u 2 xx ) + 8u(u 2 + lfu~ 4 u xx {u x u xxx - 3u 2 xx ) 
+ 12(u 2 - l)(u 2 + 1) 2 u x 2 u xx ]F(lu u lu 2 ,lu 3 ) + (u 2 + l)h qt U x G(LU U UJ 2 ,UJ 3 ), 
uj\ = t + arctanw, u 2 = {u 2 + 1) ^e~ qt u~ 3 u xx , 
u 3 = {u 2 + l)^e~ qt u~ 5 (u x u xxx - 3u 2 xx ) + 3u{u 2 + l)^e~ qt u x 3 u xx . 



4.3 Equations invariant under four-dimensional solvable Lie algebras 

Now we perform group classification of Eq.fJTJ admitting four-dimensional solvable 
Lie algebras. To this end, we utilize the well known classification of abstract four- 
dimensional Lie algebras as well as the above obtained results on three-dimensional 
solvable algebras. For the sake of convenience we treat the cases of decomposable 
and non-decomposable algebras separately. Note that we skip quite cumbersome 
calculation details presenting the final results, symmetry algebras and invariant 
equations, only. 

4.3.1 Equations with four-dimensional decomposable algebras 

The list of non-isomorphic four-dimensional decomposable Lie algebras contains 
the following ten algebras: 

A 2 . 2 © A 2 . 2 = 2A 2 . 2 , 
A 3 .i ®A X = 4Ai, 
A 3 . 2 ®A 1 = A 2 , 2 ® 2A U 
A 3 .i®A x (i = 3,4,-- - ,9). 

The exhaustive list of equations (pQ) admitting one of the above algebras is given 
in Appendix A. 
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4.3.2. Equations with four-dimensional non-decomposable algebras 

There exist ten non-isomorphic four- dimensional non-decomposable Lie algebras, 
A 4 . t (i = 1,2,- ■■ ,10): 



A4.1 : 


[X 2 , X 4 ] — Xi, 


[x 3 ,x 4 ] = 


A 2 ; 




A4.2 : 


[X 1 ,X 4 \=qX 1 , 


[X 2 ,X 4 ] = 


= x 2 , 


[X 3 ,X4]=X 2 + X 3 , q^0; 


A4.3 : 


[Xi , X4] = X\ , 


[X 3 ,X4] = 






A 4A : 


[Xi , X4] = X\ , 


[x 2 ,x 4 ] = 


X\ + X 2 , [X 3 , X4] — X 2 + X 3 ; 


Aa. 5 : 


[X\, X4] = Xi, 


[X 2 ,X 4 ] = 


qX 2 , 


[X 3 , M = P x 3 , 




- 1 ^p ^ q ^ 1 


, pq ^ 0; 






Ai.e : 


[X 1 ,Xt]=qX 1 , 


[x 2 ,x 4 ] = 


= pX, 


,-X 3 , [X 3 ,X 4 ] =X 2 +pX 3 




0, p > 0; 








A4.7 ■ 


[X 2 , X 3 ] = x l5 


{x 1 ,x 4 ] = 


2X 1; 


[X 2 , X 4 ] = x 2 , 




[^3j -^4] — X 2 + X 3 ; 






A4.8 ■ 


[X2, X 3 ] — Xi, 


[X 1; X 4 ] = 


(1 + 


q)X h [X 2 ,X 4 ]=X 2 , 




[X 3 ,X A }=qX 3 , 








A4.9 : 


[X 2 , X 3 ] = Xi, 


[X 1; X 4 ] = 


2qX, 


, [X 2 , X 4 ] = gX 2 — X 3 , 




[X 3 , X4] = x 2 + 


qX 3 , q > 0; 




Alio : 


[X 1 , X 3 ] = X lf 


[X 2 ,X 3 ] = 


--x 2 , 


[Xi,X 4 ] = — X 2 , [X 2 ,X 4 ] : 



Each of the above algebras can be decomposed into a semi-direct sum of a three- 
dimensional ideal X and a one-dimensional Lie algebra. Analysis of the commu- 
tation relations above shows that X is of the type A 3 1 for the algebras A 4A (i = 
1,2,- ■• ,6), of the type A 33 for the algebras A4.7, A A8 , A4.9, and of the type 
A 3 5 for the algebra A i W . Thus we can utilize the already known realizations of 
three-dimensional solvable Lie algebras to obtain exhaustive descriptions of the 
four- dimensional non-decomposable solvable Lie algebras admitted by Eq.([T]). The 
full list of inequivalent symmetry algebras and the corresponding invariant equa- 
tions is given in Appendix B. 

5. Classification of equations admitting quasi-local symmetries 

Following the scheme developed in [20J we make use of local (Lie) symmetries of 
the fourth-order evolution equations (CQ) to obtain their non-local symmetries. 
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As established earlier, the most general infinitesimal operator, V, admitted by 
evolution equation ([1]) reads as 

V = r(t)d t + £(t, x, u)d x + r}(t, x, u)d u 

and the maximal equivalence group of Eq. ([1]) takes the form 

i=T(t), x — X(t,x,u), u = U(t,x,u), 

where f ^ and ^ 0. 

If t = 0, we have V = £,(t,x,u)d x + r](t,x,u)d u and there is an equivalence 
transformation (t,x,u) — > (i,x,u) that reduces V to the canonical form d u (we 
drop the bars). Eq.fjTJ) now becomes 

F(tjXj U x , U xx , "iraj^rara G(tjX, U x , "rai ^xxx) (^-Q 

Note that the right-hand side of Eq. ffTTl) does not depend explicitly on u. 
Differentiating ffTTl) with respect to x yields 



Ut x Fu xxxxx -\- \\F X -\- F Ux u xx -\- F Uxx u xxx -\- F Uxxx u xxxx )u XX x j 
G x -\- G Ux ii xx -\- G Uxx .u xxx -\- G Uxxx u xxxx \. 

Making the non-local change of variables 

t = t, x = x, u = u x (12) 

and dropping the bars, we finally get 

Ut Fu xxxx -\- \\F X -\- F u u x -\- F Ux u xx -\- F Uxx u xxx ^Un 
G x -\- G u u x -\- G Ux ti xx -\- G Uxx u xxx 



*j XXX / *~*> xxx 



(13) 



where F = F(t, x, u, u x , u xx ) and G = G(t, x, u, u x , u xx ). 

Thus the non-local transformation (1121) preserves the differential structure of 
the class of evolution equation ffTTl) . 

Assume that Eq. fllll) admits r-parameter Lie transformation group 



t' = T(t,9), x' = X(t,x,u,9), u' = U(t,x,u,9) (14) 

with the vector of group parameters 9 = (9±, . . . , 9 r ) and r > 2. To obtain the sym- 
metry group of Eq. ffT3"l) . we need to transform ffTTl) according to ffT2l . Computing 
the first prolongation of formulas ffTTl) . we derive the transformation rule for the 
first derivative of u 

X u u x + X x 



23 



The transformation group (114|) now reads as 

t' = T(t,6), x' = X(t,x,v,6), u'= U v vU+ J J * (15) 

with v = d~ x u and U = U(t,x,v,9). Consequently, Eq. ffT3l) admits symmetry 
group f|T5|) . Provided the right-hand sides of the transformation group ffT5l) depend 
explicitly on the non-local variable v, then ffl5l) is a quasi-local symmetry of Eq. ffl3|) . 
Evidently, Eq. ffTS]) admits quasi-local symmetry iff transformation (fT5|) satisfies 

or, equivalently 

X^O or X v = 0, U^ + Ul^O. 

It is straightforward to express the above constraints in terms of the coefficients 
of the corresponding infinitesimal operator of group (I14p and obtain the following 
assertion. 

Theorem 6. [20] Evolution equation fllip can be transformed to Eq. (fT3l) admitting 
a quasi-local symmetry if (TTTj) admits a Lie symmetry whose infinitesimal generator 
satisfies one of the following inequalities: 

6, + 0, (16) 

£ M = o, vL + vL^o- (17) 

By making a hodograph transformation 

i = t, x — u, u — x, 
and dropping the bars, the evolution equation 

Fit, It, Uxi U X xi U X xx)U X xxx ~\~ G(t, It, Mi, Uxxi ^xxx) (1^) 

can be transformed to an equation of the form ffTTj) . Hence we can get the following 
assertion. 



Corollary 1. Equation ffl8|) can be reduced to an equation having a quasi-local 
symmetry if Eg. ffl8l) admits a Lie symmetry satisfying one of the inequalities 

Vx ^ 0, 

or Vx = 0, Cu + ilx + 0- 

Based on the above reasonings, now we can formulate the algorithm for con- 
structing evolution equations of the form (prj admitting a quasi-local symmetry. 
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1. Select all invariant equations, whose invariance algebras contain at least one 
operator of the form V — x, u)d x + rj(t, x, u)d u . 

2. For each of these equations, make a suitable local equivalence transformation 
reducing V to the canonical form d u , the original equations being transformed 
to evolution equations of the form ffTTT) . 

item For each Lie symmetry of invariance algebra admitted by (TTTj) check 
whether its infinitesimal generator satisfies one of conditions (fl6|) . (fl7|) of 
Theorem [6j This analysis yields the list of evolution equations ([1]) that can 
be reduced to those admitting quasi-local symmetries. 

item Performing the non-local change of variables (fT2"|) transforms Eq. ffTTT) to 
ffT3"j) which has quasi-local symmetries ffTS]) . 

We processes in this way all the invariant equations obtained in Sections 3, 4 and 
thus obtain the list of fourth-order evolution equations admitting quasi-local 
symmetries. Here we give the symmetry algebras of the corresponding invariant 
equations omitting the expressions for the functions F and G equations for brevity. 
Since we keep the same notations for Lie algebra realizations used in the previous 
sections, it is straightforward to deduce the explicit forms of the invariant equations 
given the form of its Lie symmetry algebra. 

Semi-simple Lie algebras: 



s/ 3 (2,M 


.) = (2xd x - 


ud u , ■ 


-x 2 d x + xud u ,d x ), 


sl 4 (2,M 


.) = (2xd X} - 


"X d x , 


d x ), 


s/ 5 (2,M 


.) = (2xd x - 


ud u , i 


[\ - x 2 )d x + xud u , d x ) , 


s/ 6 (2,M 


.) = (2xd x - 


ud u , ■ 


-(x 2 + —i)dx + xud u , d x ) 
u 4 



Three-dimensional solvable Lie algebras: 



A 7 - 

^3.3 — 


(xd u ,d u ,x 2 d x + xud u ), 


A 8 - 


(xd u , d u , d t + x 2 d x + xud u ), 


A 7 

^3.4: — 


(xd u , d u , x 2 d x + (1 + x)ud u ), 


A 8 

^3.4: — 


(xd u , d u , d t + x 2 d x + (1 + x)ud u ) 


A 1 - 

^3.8 — 


(d x ,d u ,ud x - xd u ), 


A 2 


(d x ,d u ,d t + ud x -xd u ), 


A 3 - 

^3.8 — 


(d u ,xd u , -(x 2 + l)d x - xud u ), 
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A is = (du, xd u , d t - (x 2 + l)d x - xud u ), 
A l.9 = ( d x, d u , (qx + u)d x + (qu - x)d u ), 
A i.9 = ( d x, d u , d t + (qx + u)d x + (qu - x)d u ), 
A l.9 = ( d u, xd u , -(x 2 + l)d x + (q- x)ud u ), 
A\ 9 = (d x , ud x , d t + (q- u)xd x - (u 2 + l)d u ). 

Four- dimensional solvable Lie algebras: 

2^2.2 = (~tdt - ud u , d t , d x , ue x d u ), 

2A 1.2 = (~tdt - xd x , d t , d u , e u d u ), 

2A 1.2 = {-tdt - ud u , d t , d x , e x d x + aue x d u ), «^0, 

2A \ l 2 = (-tdt - xd x , d x , d u , e u d u ), 

2A l 2 2 = (-tdt ~ ud u , d u , d x , ae x d x + te x d u ), a ^ 0, 

2Al% = (-td t -xd x ,d x ,d u ,te u d x ), 

2A 2.2 = (—xd x ,d x ,d u ,te d u ), 

A|_ 3 ®A 1 = (d x , d u , d t + ud x , d t + atd x + ad u ), a e R, 

A 5 3 3 ®A 1 = (d x , ud x , -d u , d t ), 

A\ z ®Ai = (xd u , d u , x 2 d x + xud u , d t ), 

A3 4 ®Ai = (d x , d u , (x + u)d x + ud u , d t ), 

A\ A ® Ai = (ud x ,d x ,x(l + u)d x + u 2 d u ,ue"^d x ), 

A 7 3A ®A 1 = (ud x ,d x ,x(l +u)d x + u 2 d u ,tue~^d x ), 
A\ A @Ax = (ud x ,d x ,x(l +u)d x + u 2 d u ,d t ), 

A\t@A 1 = (ud x ,d x ,dt + x(l + u)d x + u 2 d u ,ue t f(t + -)d x ), f" ± 0, 

u 

A\ 8 ®Ai = (d x , d u , ud x - xd u , d t ), 

A\ s ®Ai = (d u , xd u , -(x 2 + l)d x - xud u , d t ), 

A l.s ® A i = (d u ,xd u , -(x 2 + l)d x - xudu, (x 2 + l)*d„), 
Al s ®A 1 = (d u ,xd u ,-(x 2 + l)d x -xud u ,t(x 2 + l)*d u ), 

A 4 3 8 ®A 1 = (d x , ud x , d t - xud x - (u 2 + l)d u , (1 + u 2 )^f(t + axctanu)9 x ), / + /'V 0, 
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A\ 9 © A x = (d x , d u , (qx + u)d x + (qu - x)d u , d t ), 

A| 9 © Ai = (d u ,xd u ,-(x 2 + l)d x + (q - x)ud u , d t ) , 

Al 9 ®A 1 = (d u , xd u , -(x 2 + l)d x + (q- x)ud u , (x 2 + l)h~^ ctanx d u ) , 

A 3 39 ®A 1 = (d u ,xd u , -(x 2 + l)d x + (q- x)ud u ,t(x 2 + l)h-^^ ax d u ), 

Ai 9 © A 1 = (d x ,ud x ,d t + {q-u)xd x - {u 2 + l)d u , {u 2 + l)h qt d x ), 

Ai 9 © A 1 = (d x , ud x , d t + (q- u)xd x - (u 2 + l)d u , fit + arctanu)(u 2 + l)h qt d x ), 

f + f"^ 0, 
A\ A = (xd u , d u , d t , x 2 d x + (t + xu)d u ), 
A l.2 = ( d t, d u , d x , qtd t + xd x + (x + u)d u ), 
A\ 2 = (d t , xd u , d u , qtd t + x 2 d x + (x + l)ud u ), 
A \.z = ( d t, d u , d x , td t + xd u ), 
At.3 = (d t , xd u , d u , td t + x 2 d x + xud u ), 
A\ A = (d u , d x , d t , td t + (t + x)d x + (x + u)d u ), 
A\ A = (xd u , d u , d t , td t + x 2 d x + [t + (x + l)u]d u ), 
A\ s = (d t , d x , d u , qtdt + ipx + u)d x + (pu - x)d u ), 
A 2 4 6 = (d t , d u , xd u , qtdt - (x 2 + l)d x + (p - x)ud u ), 
A\ 7 = (d u , d x , td x + xd u , -d t + xd x + 2ud u ), 

t 2 

Al 7 = (d u , d x , d t + xd u , td t + (t + x)d x + (— + 2u)d u ), 

x 2 

A\ 7 = (d u ,xd u , -d x ,xd x + (u - —)d u ), 

x 2 

A\ n = (d u , xd u , ~d x , d t + xd x + (u - —)d u ), 
A\ 7 = (xd u , d u , x 2 d x + xud u , ~xd x + (u - ^)d u ), 
A\ 7 = (xd u , d u , x 2 d x + xudu, d t - xd x + (u - 7^)du), 

t 2 x 

A\ 7 = (xd u , d u , d t + x 2 d x + xud u , td t -xd x + (t + u + —)d u ), 
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^4.8 = ( d u, d x , td x + xd u , (1 - q)td t + xd x + (1 + q)ud u ), q ^ 1, 

A\ 8 = d x , td x + xd u , xd x + 2ud u ), q ^ 1, 

A 5 i 8 = (d u , d x , d t + xd u , qtd t + xd x + (1 + q)ud u ), q^O, 

^4.8 = ( 9 w 9 X , d t + xd u , xd x + ud u ), 

A^ g = (d u , xd u , d x , xd x + td u ), 

Al_ s = {d u , xd u , ~d x , qxd x + (1 + q)ud u ), q ^ 1, 

^4.8 = (du, xd u , -d x , xd x + 2ud u ), 

A\° 8 = (d u , xd u , ~d x , d t + qxd x + (1 + q)ud u ), 

A\% = (xd u , d u , x 2 d x + xud u , -qxd x + ud u ), q ^ 1, 

A\% = ( x 9u, d u , x 2 d x + xud u , -xd x + ud u ), 

A\ 6 8 = (xd u , d u , x 2 d x + xudu, xd x + (tx + u)d u ), 

A l l% = (xd u , d u , x 2 d x + xud u , d t - qxd x + ud u ), 

A\ 8 8 = (ud x , d x , d t + xud x + u 2 d u , qtd t + xd x - qud u ), g 7^ 0, 

A\% = (ud x , d x , d t + xud x + u 2 d u , xd x ), 

A\, 9 = (d u , d x , td x + xd u , -(1 + t 2 )d t + (q- t)xd x + (-y + 2qu)d u ), 

A\.\q = (d x , d u , xd x + ud u , ud x — xd u ), 
A\. w = (9x, d u , xd x + ud u , d t + ud x - xd u ), 
A\.io = (9x, d u , d t + xd x + ud u , ud x - xd u ), 
^lio = (dx, d u ,d t + xd x + ud u , d t + ud x -xd u ), 
A\_ w = (d u , xd u , ud u , -(1 + x 2 )d x - xud u ), 
A\. w = (du, xd u , ud u , d t - (1 + x 2 )d x - xud u ), 
A\. w = (d u , xd u , d t + ud u , -(1 + x 2 )d x - xud u ), 
A\ AQ = (d u , xd u , d t + ud u , 9 t - (1 + x 2 )d x - xud u ). 

Making a suitable local equivalence transformation to reduce basis elements 
V = £(£, x, u)d x + rj(t, x, u)d u of each algebra listed above to the canonical form d u , 
yields evolution equations of the form (fTTl) . Next, differentiating the so obtained 
equations with respect to x and replacing u x with u yields an equation of the 
form (Tl3l) that admits a quasi-local symmetry. Here we consider two illustrative 
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examples. 

Example 1. Consider the algebra 

s/ 4 (2,M) = (2xd x ,-x 2 d x ,d x ) 

and make a hodograph transformation 

i = t, x = u, u = x, 

which transforms the original algebra to 

(2ud UJ -u 2 d UJ d u ). 

Here we drop the bars. The invariant equation corresponding to the above algebra 
reads as 

X^XX ^XXX 7— r / j \ /^y / < \ 

u t = F(t, x,u)u xxxx H - F(t, x, u) + u x G(t, x, u), 

U x 

where F, G are arbitrary smooth functions and to = {2u x u xxx — 3u xx )u x 2 . Differ- 
entiating the above equation with respect to x and replacing u x with u according 
to f[T2"j) we arrive at the evolution equation 

7-1 , / 1 ^^XX ^U x U xx U xxx \ / , , , , \ 

u t =Fu xxxx + (u xxx + — ^ )(F X + aF^) 

U 2 X 



4:U 2 (u 2 xx + u x u xxx ) - \3uu 2 x u xx + 6u x 



F + u x G + uG x + uaG u 



ur 

with uj = (2uu xx — 3u 2 )u~ 2 and a = 2{u 2 u xxx — 4uu x u xx + 3u x )u~ 3 . This equation 
admits the non-local symmetry transformation group 

u 



1 •"■> In.. , 1\2' 



9v + l) 

with the generator —2uvd u , where 9 is the group parameter and v = d u. 
Example 2. Consider the Lie algebra 

= {-tdt - xd x , d t ,d u , e u d u ) 
and its corresponding invariant equation 

Ut = x 3 F(u 1 ,u 2 )u xxxx - x 3 (u x - 6u 2 x u xx + 4:U x u xxx + 3u 2 xx )F{u u u 2 ) + u x G{u^ u 2 ), 

where uj\ = x{u 2 x — u^u' 1 , oj 2 = x 2 {u x — 3u x u xx + u xxx )u~ l and F, G are arbi- 
trary smooth functions. Differentiating the above equation with respect to x and 
replacing u x with u according to (fl2"j) yield the evolution equation 

u t =x 3 Fu xxxx + 3x 2 Fu xxx + [x 3 u xxx - x 3 (u x - 6u 2 x u xx + Au x u xxx + 3t4j] [i^i 

+ F U2 (T2\ — x 2 [3u A + 4xu 3 u x — 6(xu xx + 3u x )u 2 + (— 12xu 2 x + 12u xx + 4xu xxx )u 

+ 9u 2 x + 10xu x u xx ]F + u x G + uaiG ul + ua 2 G LU2 , 
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with 



x{u 2 — u x ) 



x 2 (u 3 — 3uu x + u xx ) 



Ui = 



, u 2 = 



u 



u 



and 



u 3 + xu x u 2 — (xu xx + u x )u + xu 2 x 



x[2u A + 2xu x u 3 — 3(xu xx + 2u x )u 2 + [xu xxx + 2u 



The new equation admits the non-local symmetry 



u 



with symmetry generator 



e v ud. 



6. Concluding remarks 
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Appendix A. Equations admitting decomposable 
four-dimensional solvable Lie algebras 

2v4 2 .2— invariant equations, 

2^2.2 = (-tdt - ud u , dt, d x , ue x d u ) : 
e u 

F = F(u 1 ,u 2 ), 

u 
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G = x —— [u 3 + {-3u x + 6u xx + iu xxx )u 2 - 6u x (u xx + u x )u + Su^Ffa, lo 2 ) 



+ e « G(u;i,a;2), 



(m„ - - ^1 - u x )u 2 - 3u x u xx u + 1u\ 

2A 1.2 = (-tdt - xd x , d t , d u , e u d u ) : 
F = a?F(u 1 ,u 2 ), 

G = -x 3 (u x - Qu 2 x u xx + 4u x u xxx + 3u 2 xx )F(ui, uj 2 ) + u x G(ui,u 2 ), 
lo\ = xu x l (u 2 x - u xx ), lu 2 = x 2 ^ 1 ^ - 3u x u xx + u xxx ), 
2A 1.2 = (-tdt ~ ud u , d t , d x , e x d x + aue x d u ), a ^ : 

F= (u x -au)^ F ^^ 

u a +3 

G = - t^j[(« 4 - 6 « 3 + n « 2 - 6a ) u ~ 2( 2 " 3 - 9 « 2 + Ua - 3 K 

(u x — au) a+4 

u a 

+ (6a 2 - 18a + ll)u xx - (4a - 6)u xxx \F(u 1 , u 2 ) + ^ G ( u ^ ^2), 

{u x -au) a 

(u xx - u x )u - u\ (u xxx - u x )u 2 - 3u x u xx u + 2u 3 x 
Vi — 5 , uj 2 — , 

2 ^2.2 = (-td t - xd x , d t , axd x - ud u , d u ) : 

F = ^F(cj 1 ,cj 2 ), G = ^1g(u 1 ,u 2 ), 
u x x a 

2 

xu xx X u xxx 
UJl = , u 2 = , 

2^2.2 = (~tdt - ud u , d t , xd x , xud u ) : 

F = — F(uj 1 ,uj 2 ), 



u 



x^ 

G = j^u x (Au xxx u 2 - 6u x u xx u + 3u x )F{u 1 , lu 2 ) + e^G(u u u 2 ), 



x 2 (u xx u - u 2 x ) _ _ x 3 (u xxx u 2 - 3u x u xx u + 2u 3 x ) 

U Z 

2A 2.2 = (-tdt - xd x , d x , td t , tud x ) : 



— 5 , ^2 
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G = -5 2 "*"""" 3u " F(u,u) + ^G(u,w) - -, 

tu x tu x t 

V> X U XXX 3ti xx 

^ _ 2 ' 

U X U XX 

(-td t - xd x , d x , atd t + (1 - a)w<9 u , tud x ), a^l: 

^ = ^jF(wi,W2), 

u 4 (2u x u xx u xxx — 3u x ) , . a u 
G = -5 — F(wi,w 2 ) +m«- 1 m :e G(wi,cj 2 ) - - 

Ul = ufi u ' U2 = trf u ' 

(-£d t - x9 x , d x , atd x - ud u , d u ), a e R : 
F = t 3 F(u>i, u> 2 ), G = u x G(u>i, uj 2 ) + ftMj; ln(iu x ), 

XX ^ XXX 



L0\ = , CJ 2 

(-td t - xd x , d x , td t - ud u , d u ) : 
F = T^r^K,^), G = -±-G{u u u 2 ), 

v Uj xx 1 u>xx 

< \Ju xxx 

u x = tu x , u 2 = —j-, 
(-td t ~ xd x , d x , atd t - ud u , d u ), «^0,1: 

4-3 _ 4 a 1 

f = r^u a , a - 1 F(wi,w 2 ), G = r^^"- 1 ^^!,^), 



a; 1 = t a-i Ua . Q Mx:r , w 2 = t u x 01 U XXX) 
(-td t - xd x , d x , d u , e u d u ) : 
F = t 3 F(w 1 ,w 2 ), 

G = -t 3 (u x - 6u 2 x u xx + 4u x u xxx + Zu xx )F(uji, u 2 ) + u x G(ui, u 2 ) 
t{u x u xx ) ^ t (u x 3u x ii xx -\- u xxx ) 

U\ — , L0 2 — , 

u x u x 
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(-td t - ud u , d u , d x , ae x d x + te x d u ), a^O: 
t 3 



(au x - t) 



F(uji,u 2 ), 



t 3 

G = — -^-(601^ + llau xx + 6au xxx - 6t)F(u} U u 2 ) 

a(au x — t) A 

+ G(u u u 2 ) + — In — -, 

a au x — t 

t(au x + au xx — i) t 2 (2au x + 3au xx + au xxx — 2i) 

101 (au x - t) 2 ' W2 (au x - tf 

(-td t - xd x ,d x ,d u ,te u d x ) ■ 

F = ±F(u 1 ,u 2 ), 

2Qu x + 35ulu xx - 10u 3 x u xxx + 30u 2 x u 2 xx - 10u x u xx u xxx + 15u 3 xx 
G = — F(u u u 2 ) 



X 



+ u x G(uji,uj 2 ) - 



_u 2 x + u xx _ 5u x + 6u 2 x + 3u 2 

tul ' tut 



x 



(-td t ~ xd x , d x , td t + d u , e u d u ) : 
-F(uj u uj 2 ), 



e 4 " 



t 5 (ul — u 



4 

XX I 



n e 4u (u x - 6u 2 x u xx + Au x u xxx + 3u 2 xx ) e 2u 

G = Hu 2 x -u xx y - t 3 (ui-u xx) G ^ u ^ 



tu x e u {u 3 x -3u x u xx + u 



= — , uj 2 = 



XXX I 



<"' ' ~~ t(u 2 x - U xx ) 2 

(-xd x - ud u , d x , ud u , ud x ) : 



F = - A F(t, u), G — _ 5u * u ^ 2u * u ^ ^ Fit, u) - U ^G(t, u), 

U X U X U x 



u(u x u xxx 

- 3*4) 

— 2 ' 

^x^xx 

-xd x - ud u , d x , d t + ud u , ud x ) : 
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u x u x 
ue"u xx ire" {u x u xxx 

- 3*4) 

^1 — o , ^2 — ? , 

2A 2 7 2 = (-xd x - ud u , d x , -td t + aud x , d t ), a ^ : 



4 - J - 

u e aUx 



5u e a «*u xx (2u x u xxx - 3u xx ) _j_ 
G = — —F(ui,u 2 ) + uu^^G^,^), 



x 



Ml = ^2 



u 2 (u x u xxx 3u xx ) 



«3 ' ul 



2A 2 2 = (-xdx - ud u , d x , -td t + aud u , d t ), a^O: 



l-4a 

,4 



F = uu x a F(ui,u 2 ), G = uu£G{uji,uj 2 ), 



2 

UU XX U U xxx 



U\ = — 5-, cu 2 = 



ui ui 



2A 2.2 = (~xd x - ud u , d x , d t , ue d x ) : 
A' 



u 

F = —F(ui,u 2 ), 

hu A u xx i^lu x u xxx — 3u x ) . . 

G = F[ui,u 2 ) + uUxGiux, u 2 ) - u, 



uu xx u 2 (u x u xxx -3u 2 xx ) 



ui = — 5-, u; 2 



«2 ' u 5 x 



2A l°2 = (-xd x - ud u , d x ,d t , e l d t + aue l d x ), a^O: 



m 4 



u x e au * 



— F(u 1 ,u 2 ), 



5m u xx (2u x u xxx 3u xx ) . . itM^, 
G = ^ F(cji, cj 2 ) + — —G(uji,uj 2 ) - auu a 



X 



UU 



XX 



U\ = 5-, W 2 = 



u 2 (u x u xxx 3u 2 xx ) 



2^2.2 = (-^ - w<9 u , d t , ue d u ) : 
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M 4 

F — —r F(ui,u 2 ), G — uG(u 1 ,u 2 ) + u\nu x , 

2 

%Jj%Jj Q^2£ IX ^X xxx 



vi = — 5-, u 2 = 



2A 2.2 = (~xd x - ud u: d x , d t , ed t + aue d u ), a^O: 



4 



= - ta+rf(wi,w 2 ), G = — G(oji,oj 2 ) +au, 



Aa + l 

u x a u x 



2 

WXXi xx ^-^xxx 

U l — h~1 ^2 = n , 

ul u% 



2A 2 2 = (-xd x - ud u , d x , tdt, tud u ) : 
4 

u u u 

F = —F(u 1 ,u 2 ), G = —G{u)i, to 2 ) + — \n.u x , 



Ul = — 5-, u 2 = 



ul K 



2A 2.2 = (~xd x , d x , -td t + d u , d t ) : 



F = ^F(u 1 ,u 2 ), G = e u G(iu 1 ,LU 2 ), 

U x 



U 



XT 



^1 = —5", U 2 



u 2 x ' u 3 x 



2Af 2 = (-xd x , d x , d t , ae l d t + e l d u ), a ^ : 

F = -i^^.wa), G = e^ u G{^ 2 ) + -, 
u x e au a 

= —5-, U 2 = — , 



2Al% = (-xd x ,d x ,d t ,e t d u/ 



F — -^tF(uji,uj 2 ), G = G{u^u 2 ) +u, 



U X x U xxx 

Ul — —5-, ^2 — O— , 

Ul Ul 



2A 2.2 ~ (~ x &x, d x , —ud u , d u ) : 

4 2 
F = ^F(t,u), G = ^G(t,u), 

U xx U xx 
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U x U XX x 
U = 2 ' 

Kx 

2A l 8 2 = {~xd x , d x , d t - ud u , d u ) : 

1 1 

Uxx U X xx 
Ul = -r-Z, U 2 



e t u 2 ' e 2t u x ' 



,4 



(U 2 X - Uxx) 



G = ^,2_„ U * (*' U > ~ ~2 _ ^ 



"^irrrj Uxx 



U 

+ 



t{u x U X x) 

^xi^x 3u x U X x ~\~ u a 



\U X U X x)^ 



A 31 © Ai— invariant equations, 
Al 1 ®A 1 = (d t ,d u ,xd u J(x)d u ), /VO: 

F = F(x,u), G = — —u xx F(x,u) + G(x,u), 

f V>xxx ^V>xx 
CO = — 



^3.1 ® ^1 = (^11) f(ti X)dui 9(ti %)9u), fxxQxxx Qxxfxxx 7^ ■ 

F = F(t,x), 

ifxx^xxx fxxx^xx)9xxxx ~\~ (dxxxUxx Qxxfxxx) f xxxx t-^z. \ . r*tl± \ 
= fxxx9xx - 9xxxfxx 

_|_ \ft9xx Qtfxx)U X xx ~\~ (ydtfxxx ftQxxx)U X x 



A3.2 © Ai— invariant equations, 
A| 2 © A = (-td t - ud u , d t , xud u , uf{x)d u ), /'V : 
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F=-F(x,u), 



u 



r, a (u xx u 3 - u 2 x u 2 )f {A) + [A(u x u xxx + 3u 2 xx )u 2 - \2u 2 x u xx u + 6u x ]f" 

tfjr, b \. x > u ) 

+ e a G(x,u), 

xuu x f" - x(u xx u - u 2 x )f + (u xx u - u 2 x )f 



a = 



f"u 2 



_ (~u xx u 2 + u 2 x u)f {3) + (u xxx u 2 - 3u x u xx ii + 2upf" 
U ~ u 3 f" 

A\ 2 @A 1 = (-td t - xd x , d x , tud x , tf(u)d x ), f V : 
F = ±F(u,u>), 

G = _ ^[</ (4) +5(2^-3,L)r] F(M; u) + UxG{% u) 
tu b J" 

Uxxjuf - f) _ U 

tu 2 J" t ' 

-u 2 x Uxxf {3) + {u x u xxx - Su 2 xx )f" 



UJ = 



tulf" 

A\ 2 @A X = (-td t ~ xd x , d x , tud x , -ud u ) : 
u A 

F = -F{u l ^ 

5w u xx (2u x u xxx 3u xx ) , . , . u 

G = — F(w 1 ,w 2 ) +uu x G{u 1 ,uj 2 ) - -, 

_ uuxx _ u 2 (u x u xxx - 3u 2 xx ) 
tu x ' tu x 

A\ 2 © A x = (-td t - xd x , d x , d u , td t ) : 

F = ^F{u 1 ,u 2 ), G=^G(u 1 ,u 2 ), 



= —5-, ^2 = 



o 5 ~^ Q ! 

U X K 



A\ 2 ®A 1 = (-td t - xd x , d x , td t + d u , te~ u d x ) : 
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—26u x + SSw^M^a; + 10u x u xxx — 30u x u xx — 10u x u xx u xxx + 15u xx . , 

= O ^1.^) 



a; 



+ ^G(wi,w 2 ) + -, 

_ e"(?4 - w^) _ e"(5?4 - 6u 2 x uxx - u x u xxx + 3u 2 xx ) 
tul tul 



x 



A\ 2 ®Ai = (-xd x - ud u , d x , ud x , d t ) : 



m 4 

F = -jF(wi,w 2 ), 



Ul = 5-, ^2 



u 2 {u x u xxx 3u xx ) 



A\ 2 @Ai = (-xd x - ud u , d x , d t , ud u ) : 

4 2 2 

,UU XX U U xxx . ,^(UXl xx U U xxx . 

= — F (—r> — )» G = «G(^^, — ), 

Al° 2 ®A 1 = (-xd x ,d x ,d t ,d u ): 

Fl ^xxx\ ^ ^i^xx l^xxx \ 

ti£ W| M z M z 



A 3 3 © Ai— invariant equations, 

AI.3 @A X = (d u , d t , (t + x)d u , f{x)d u ), f" ± : 
F = F(x,w), 

u xx /( 4 ) f 

G = — ^ja~ F ( x ^ u ) + G ( x > u ) - y< Uxx + u - 

u xx f^ ^ u xxx f 

" = — I' — ' 

a\ 3 e a 1 = (S„, 3,, (t + i)s„, a, - a,) : 

F F{u xx , u xxx ) , G F{u xx , u xxx ) -\- u x , 
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^3.3 ® A i = (d x , d u , d t + ud x , d t + atd x + ad u ), «Gl: 
F = -^F(wi,w 2 ), 

G = - 5 ^ (2 ^7~ 3ML) FK, u 2 ) + u x G(wi, a*) - atu x + a, 

^xx UxUxxx 3u xx 
U! = W 2 = , 

A|. 3 ©Ai = (d x ,ud x ,-d u ,d t ) : 
^ = -tF(wi,w 2 ), 

^ ^Uxxi^UxUxxx — "ill 2 ) 

K 

Uxx _ U x Uxxx 3tl xx 

^1 — —5-, ^2 — ; , 

Al 3 @A X = (d x , ud x , d t - d u , f(t + u)d x ), f V : 

F = -rF(u U U2), 

.1 5li xx ^-Ou xx U X xx U X xf^ \ J-,/ \ . \ . V>xxf 

G = [ — g g — r ]F(wi, w 2 ) + w x G(wi, w 2 ) + 



CJi = t + U, UJ 2 



(u x Uxxx ^11)/ u x U xxf^ ^ 



ulf" 

A 7 3 3 @A X = (xd u , d u , x 2 d x + xud u , d t ) : 
F = x 8 F(cu 1 ,cu 2 ), 

G = 4x 6 (3m :e:c + 2xu xxx )F(a;i, a; 2 ) + xG(ui, uj 2 ), 

UJ\ = X 3 U XX , &2 = X 4 (3u xx + XUxxx)- 

A 3A ® A x — invariant equations, 
^3.4 © A = (9„, i$ + d x + (t + u)8 u , 8 X ) : 

F — — F(ui,u 2 ), G = G(uji,uj 2 ) + lnu x , 
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Ui = , u 2 = , 

A\ A ®A l = (d u , d t , td t + d x + (t + u)d u , e x d x ) : 

F = e^F^x, uj 2 ), G = -e~ x u x F(u 1 ,uj 2 ) + G(u u lu 2 ) + x, 
ui = e~ x (u x - u xx ), u 2 = e~ x (u x - u xxx ), 

A3 4 © Ai = (d x , d u , (x + u)d x + ud u , d t ) : 

4 

F = —rF{u u u 2 ), 



4 



G = — - — g ^2) + «*e»- G(u u uj 2 ), 



, _ , _ "xxJ^ 

^1 — o , ^2 — 



' 3 M x 



A3. 4 © A\ — (d x , ud x , xd x d u , e d x ) • 



{u x u xx © u x Uxxx 3it :r;r )e 
— 



A|_ 4 © A x = (d x , ud x , xd x ~ d u , te u d x ) : 
F=^F( tlW ), 

G = + 10 "^— ~ 15u ^) F (i^) + tIl e-»G(«,w) + H= 

X 

(u x tl xx © U x Uxxx *^xx)^ 

A\ A ®Ai = (d x , ud x , xd x - d u , d t ) : 
F = -^F(wi,w 2 ), 
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6 U X x _ {^xUxxx 3u xx ^Q 



U\ = — 5—, L0 2 = 



A\ A @A X = (d x , ud x , d t + xd x - d u , f(t + u)Jd x ), f" ^ : 
F = ^(wi,^), 



r< "•'•' •/ ■* . •"'"<•<•(-"./ ". 1. r.r 3ll xx j , 

G = _ — H R F(wi,w 2 ) +u x e G{ui,uj 2 ) 

(f + f)Ux 



+ 



o;i = t + u, uj 2 



(u x U X xx ~ 3mL)/" - U 2 x U X xf {3) 



A\ A ® A x = (ud x , d x , x(l + u)d x + u 2 d u , ue~^d x ) : 



u 

F = -jF{t,u), 



< 

u 4 [5u 4 u xx (2u x u xxx - 3u 2 xx ) + 8u 3 u 2 x (3u 2 xx - u x u xxx ) + u A x u xx {l - I2u 2 ) i 
G = -g F(t,u) 



UJ 



+ uu x e "G(t,u>), 

u 3 [u 2 (u x u xxx - 3u 2 xx ) - 3u 2 x u xx u - u 2 x u xx ]eu 



A\ A © A 1 = (ud x , d x , x(l + u)d x + u 2 d u , tue ^d x ) : 



u 4 [5it 4 it M (2it a .it iKKB - 3u 2 J + 8w 3 w 2 (3w;L - u x u xxx ) + u A x u xx (l - 12m 2 )] 
= ^ F(t,UJ) 



4 



UU X Q «G(t,u) , ^2 , 

w 3 [w 2 {u x u xxx - 3u 2 xx ) - 3u 2 x u xx u - u 2 x u xx ]eu 



A\ A © Ai = (ttSa,, 9 X , x(l + u)a„ + w 2 <9 u , d t ) : 



?/, 



F = —F(u 1 ,u 2 ), 
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G = u A [hu A u xx {2u x u xxx - 3u 2 xx ) + 8u 3 u 2 x (3u 2 xx - u x u xxx ) - 12u 2 u A u xx ] p 



x 



+ uu x e vG(cui,cu 2 ), 

u 3 e^u xx u A eu[u(u x u xxx - 3u 2 xx ) + 3u 2 x u 2 



, , „ h xx\ 

OJl = 5 , UJ 2 



Al A ®A l = (ud x , d x , d t + x(l + u)d x + u 2 d u , ue'fit + -)d x ), f^O: 

u 

u 8 

F = -jF(wi,w 2 ), 

G = p M 6 [5w 2 M :E:E (3M^ - 2u x u xxx ) + Suu 2 x (u x u xxx - 3u 2 xx ) - l2u A u 2 



u x 



u A f [A) u xx t (f' + f)u A u xx 
F //„2 > F (^' W2 ) - uu x e G(u u u 2 ) + ^ > 



, . 1 w 4 K«xW a »x-3«^.) + 3u^« a . a .]/" u 3 u xx f i3) 

Ui—t + -, t0 2 — r-r 1 T— ^ • 



A 35 © Ai— invariant equations, 
A3 5 © Ai = (d u , d t , td t + ud u , d x ) : 



FJ- j-i/^XX V'XXX \ y ^ /^XX ^XXX\ 
= — i<( , ), U = U( , ), 

Ugg \ljr£ ^^X ^^X f ^'X 

Ag 5 © Ai = (9 U , d t , i$ + <9 X + «<9 U , e*<9 u ) : 

F = e _:c F(wi, u; 2 ), G = -e~ x u x F(u u uj 2 ) + G(cji, u; 2 ), 
ux = e~ x (u xx - u x ), u 2 = e~ x (u xxx - u x ), 
A| 5 © Ai = (9a,, d u , xd x + ud u , d t ) : 

G = —G(u x ,^), 



U xx U xx U xx u xx 



A ^ \"-X7 9 1 " " \ X> 9 

, / 11 1 : 11- 

|5 



A 3 5 © Ai = (9a,, M(9 X , X9 Z , <9f) : 



F = -1f(«, u), G = _ 5 u ^ 2u - u — 3u ^ F(u, u) + -^-G(u, u), 

U A K U x 

v> x u xxx 3u xx 
u ~ 2 ' 

U X U XX 
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A\ b @A l = (d x , ud x , d t + xd x , f(uyd x ) f V : 
1 



^ r5u xx (2u x u xxx 3u ) u xx f( \„, x t^, 
G = - [ + — — r ]F(u, u) + u x e G(u, u 

u x u xJ 

(3u 2 xx - u x ii xxx )f" + u 2 x u xx f {3) 

UJ — 



efulf" 



A 3 6 © A\— invariant equations, 
3 6 © A l = (d u , d t , td t - ud u , d x ) : 

F = u x F(ui, u 2 ), G = ulG(u!,u 2 ), 

u xx u xxx 

UJl = , u 2 = , 

Ux U x 

3.6 ®A X = (d u , d t , td t + d x - ud u , e~ x d u ) : 

F = e -a! F(wi, oj 2 ), G = u x e~ x F{w 1 , u 2 ) + e'^G^i, w 2 ), 
U! = e x (u x + u xx ), lu 2 = e x (u x - u xxx ), 

3 6 © Ai = (9a,, <9 U , xd x - ud u , d t ) : 

1 1 
F = —F(ui, u 2 ), G = u%G(ui,u 2 ), 

^1 = —3") ^2 = n - , 

3.6 © A = (ftr, «9x, ^ + 2m<9„, u^f(t)d x ) : 

G = [4m 2 (3^ - 2u x u xxx ) - 3u x ]F(t,u>) +u^u x G(t,uj) 

3 

w = — [2u(u x u xxx - 3u^) + 3M 2 M ra ], 



3 6 © Ai = (d x , ud x , xd x + 2ud u , d t ) : 



M 4 

^ = -jF(wi,w 2 ), 
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bu^Uxxi^lUxUxxx 3u xx ) , x i \ 

G = F{uj u uj 2 ) + u*u x G(oj 1 ,oj 2 ), 



U2u xx u*(u x u xxx -Zu 2 xx ) 

UJi — — , L0 2 — : 

ul U% 



A 3 7 © invariant equations, 
A\ 7 @A 1 = (d t , d u , td t + qud u , d x ) : 



F = u x q F(uji, u 2 ), G = u x q G{u u uj 2 ), 

Wj'-f-f \h -J- ->> ->> 

• ' • ' ,1,1 • « 

Ul = , UJ 2 = , 

A\ 7 © A x = (d t , d u , td t + d x + qud u , e qx d u ) : 

F = g- 3 e-"F(cu 1; u 2 ), G — -u x e~ x 'F(u u u 2 ) + e^ x G(u; 1: u 2 ), 
ux = e~ qx qu x - u xx , u 2 = e~ qx q 2 u x - u xxx , 
A\ 7 © A 1 = (d x , d u , xd x + qud u , d t ) : 

4 q 

F = ur 1 F(uji,uj 2 ), G = ur x G(uJi, uj 2 ), 

2-q 3-g 

iOl = Ux U xx , U 2 = Ux U xxx , 

A\ 7 ® Ai = (d u , xd u , (1 - q)xd x + ud u , x^d u ) : 
F = x A F{t,u), 

G = - {2Q ~ {q m l~ 2) x 2 u xx F(t, u) + xTk G (t, u>) , 

2q-l 

uj = X q-i [(g - l)xu xxx + (2q - l)u xx \, 

A\ 7 ® Ai = (d u , xd u , (1 - q)xd x + ud u , tx^d u ) : 
F = x 4 F(t,oo), 

(2g-l)(3g-2) 2 „, , i , N (q-l) 2 x 2 u xx 
G = ( g _ i)2 - x u ** F (t, + a; ^G(f , w) + ^ ^ - : 

2q-l 

w = x -J- 1 [(g - 1)^^ + (2g - 1)^], 
A\ 7 © Ai = (<9 U , :r<9 M , (1 - g)x9 x + w<9„, <9 t ) : 
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F = x 4 F(u;i,u; 2 ), G — i^G^^j), 

2q-l 3q-2 

UJ 1 = X 9-1 u XX) C^ 2 = X 9-1 

A| 7 ®A 1 = (d u , xd u , d t + (l- q)xd x + ud u , x^du) : 
F = e 4 ( 1 -^F(cu 1 ,cu 2 ), 

G = \ q _iy x 2 ^1^2) + e'G(^,cu 2 ), 

(s -l) t e (2-3 g ) f[(g _ 1)CT ^ + (2g _l)^] 

c^x = e w ; rr, o; 2 = , 

A3 7 © A 1 = (d u , xd u , d t + (1 - g)x9a; + w<9 M , <9 t + ax~<9 u ), a^O: 
F = x 4 F(cu 1 ,cu 2 ), 

G = ^_ ^ 5 L —F(ui,u 2 ) +x 1 -8G(wi,w 2 ), 

„ 2q-l 

o;i = (g - 1) rr 9-1 Mx:E - agflna; + (g - l)t], 

3q-2 

lu 2 = (q - 1) x 9-1 u xxx + aq(2q - l)[lnx + (q - l)t}. 



A3.8 © A\— invariant equations, 
A\ 8 © Ai = (9a,, <9 U , w<9 x - x<9„, d t ) : 
1 



u; 2 ), 



~ r u x u xx {2u 2 x u xxx - 3u x ul x + 2u xxx ) 2\±^t \ 

G = -5 n 2 , 4 w 2 ) + (1 + m') 2 G(^i, w 2 ), 

_ u x u xxx 3u x u xx -\- u xxx 

© A 1 = (d u , xd u , -(x 2 + l)d x - xud u , d t ) : 
F = (l + x 2 ) 4 F(o; 1 ,a; 2 ), 

G = 4x(l + rr 2 ) 2 (2x 2 w xxx + 3xu xx + 2u xxx )F(u;i, o; 2 ) + (1 + z 2 )^G(u;i, u; 2 ), 
^1 = (1 + x 2 )tM xx , u 2 = (1 + x 2 )5(x 2 M xx:r + 3rra xx + m xxx ), 
A| 8 © A 1 = (d u ,xd u , -(x 2 + l)d x - xud u , (x 2 + l)*d u ) : 
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F= (l + x 2 ) A F(t,uj), 

G — x(l + x 2 ) 2 (8x 3 u xxx + 12x 2 u xx + 8xu xxx + 3u xx )F(t, uj) + (1 + x 2 )?G(t, uj), 

uj — (1 + x 2 )*(x 2 u xxx + 3xu xx + u xxx ), 

A 3 8 @A X = (d u , xd u , ~(x 2 + l)d x - xud u , t(x 2 + l)*d u ) : 
F = (l + x 2 ) A F(t,u), 

G = (1 + x 2 ) 2 (8x 3 u xxx + 12x 2 u xx + 8xu xxx + 3u xx )F{t, uj) + (1 + x 2 )^G{t, uj) 



Ai 8 ®A 1 = (d x , ud x , d t - xud x - {u 2 + l)d u , (1 + u 2 fif(t + arctan u)9 x ) / + /" ^ : 



G = { t [2Au A u xx arctan 2 u - 8u 2 x {3u 2 x u xx {u - 2t) + (1 + u 2 ){u x u xxx - 3u 2 xx )) 



+ ^(l + x 2 ) 2 , 



uj = (1 + x 2 ) 2 (a; 2 u xxx + 3xu xa; + u xxx ) 




F(c^i, u; 2 ), 



a; 



arctan u + 12u x u xx (u 2 — 2tw + 2t 2 ) + 8m 2 (1 + u 2 )(u x u xxx — 3u xx )(u — t) 



- 5(1 + u 2 ) 2 u xx (2u x u xxx - 3u 2 xx )} + \ ^ [3(1 - 8uo 2 )f + 8^/' 




+ 2(1 - 12a; 2 )/" + Sc^ 3 ) - / (4) ]}F(^, cu 2 ) + (1 + u 2 )^^, uj 2 ) 
, /'(1 + « 2 )V, 



c<Ji = £ + arctan w, 



W2 = (l + « 2 )S[^(3u 



/' + / (3) 
f + f" 



) + (l + « 2 ) 



-3« 2 



A 3 .g © A\— invariant equations, 



A\ 9 © Ai = (<9 X , <9 U , (gx + u)<9 x + (qu - x)d u , d t ) : 
(1 + ■y 2 ) 2 e 4, ? arctanU;E ^v^ 1 ' ^2)' 
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^ _|_ ^2^4g4(jrarctanM I ^ ' ' ggarctanua; ^ ' 



U x U XX x 3u x U xx ~\- U xxx 



Ul (X + W 2)i e? arctan Ux ' ^ (1 + U 2 X ) 3 e 2 « arctan n * ' 



a; 

A| 9 © Ai = (d u , xd u , -(x 2 + l)d x + (q- x)ud u , d t ) : 

F=(x 2 + 1)^(^,002), 



x 2 + l) 



G = 4x(x 2 + l) 2 (2x 2 u xxx + 3xu xx + 2u xxx )F(ui ) u 2 ) + ^ areta n^ G ( u i> 



Ul = (x 2 + i)h qaictanx u xx , 

oo 2 = (l+ u 2 x )h qaictanx (x 2 u xxx + 3xu xx + u xxx ), 

Al 9 © A x = (d u ,xd u , -(x 2 + l)d x + (q- x)ud u , (x 2 + l)h~^ ctanx d u ) : 
F = (x 2 + l) 4 F(t,u), 

(I _|_ x 2\i 

G = (a; 2 + l) 2 [8x 3 M ra:E + 12x 2 u xx + 8xu xxx + (3 - g 2 )M xa; ]F(t, u) + egarctang G(t, w), 

ix> = (^1 -|- X J 2 U xxx -\- 3XU XX -\- QU XX -\- U xxx )i 

A 3 39 ®A 1 = (d u ,xd u , -(x 2 + l)d x + (q- x)ud u ,t(x 2 + l)h~^ rctaax d u ) : 
F = (x 2 + l) 4 F(t,u), 

(I _|_ x 2\i 

G = (x 2 + l) 2 (8x 3 u xxx + 12x 2 M xa; + 8xM ra:E + (3 - q 2 )u xx )F(t, u) + e<?arctan , G(t, u) 

(1 ©a: 2 )^ 
(l + Q 2 )t ' 

uj — (1 + a; 2 ) 2 (x Mjuih + 3xu xx + (j^zx + u xxx )e q , 
A 4 3 9 ®A 1 = (d x , ud x , d t + (q- u)xd x - {u 2 + l)d u , (m 2 + l)h qt d x ) : 

2 2 5("U 2 + l) 2 ^^ 2 8m(-U 2 + 1) 2 

G = (it +1) [ = [2u x u xxx - 3u xx ) H [u x u xxx - 3u xx ) 

u x u% 

+ ^( 4m 2 + X)\F{^ 2 ) + (m 2 + l)h qt u x G{^ 2 ) + 9(W2+ 2 1)2 ^ , 
« 2 w 2 
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u)i = t + arctan u, 

(y? _|_ 1)| 

u 2 = M5egt [(u 2 + l){u x u xxx - 3u 2 xx ) + 3uu 2 x u xx ], 
Aj g © A l = (d x ,ud x , d t + (q- u)xd x - (u 2 + l)d u , f(t + arctan u)(u 2 + l)h qt d x ), 

r, (U 2 + l) 4 



-F(U!,U 2 ), 



r , , 2 , n 2r 5(M 2 + l) 2 U xx 2 8m(m 2 + 1) 

G — (u +1) [ — {2u x u xxx - 3u xx ) H i [u x u xxx - 3u 



+ ^(2(6u 2 + 1) + ^)]F( WllW2 ) + (u 2 + l)^u x G{u^u 2 ) 

(u 2 + l) 2 u xx (qf + f>) 
ul(f + f") 

uj\ = t + arctan u, 



Appendix A. Equations admitting non-decompos- 
able four-dimensional solvable Lie algebras 

At.i— invariant equations, 
A\ A = (d u , d x ,d t , td x + xd u ) : 



u 2 



F F(u xx , u XX x) i G G{u xx ,u xxx ) ^ ) 
A\ A = (d u , xd u , d t , -d x + txd u ) : 

x 2 

F F{u XX i u xxx ), G G{u xx ,u xxx ) ~2~' 
A\ A = (xd u , d u , d t , x 2 d x + (t + xu)d u ) : 

F = x^F(uo\, 0J2), G = Ax 2 {2uu2 — 3xu\)F(u\, 00 2) + xG{u\, 002) — — , 

ZiJb 
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ui = x 3 u xx , u 2 = x A (xu xxx + 3u xx ), 



invariant equations, 

A l.2 = (9t, d u , d x , qtd t + xd x + (x + u)d u ) : 

F = e^-^F^, uj 2 ), G — eC-^Gfw!, oo 2 ), 
loi = e Ux u xx , u 2 = e 2Ux u xxx , 
A\ 2 = {d x , d u , dt, td t + qxd x + (t + u)d u ) q ^ 1 : 

1 - 4 i In I?/ I 

F = ur 1 F(uj u uj 2 ), G — G(u 1 ,u 2 ) - " 



9-1' 



l-2g l-3q 
q-1 q-1 

UJl — u x U xx , u 2 — u x U xxx , 



A A2 = (d x , d u , d t , td t + xd x + (t + u)d u ) : 

1 , XXX \ / > / > / XXX \ i 1 1 

F — —£-F(u x , —3—), G = G(m x , —3—) — In |w X x|, 

^XX ^XX ^XX 

A t.2 = d u , xd u , qtd t - d x + ud u ) : 

F = e^Ffa, uo 2 ), G — e^G^!, w 2 ), 
u;i = e x u xx , u 2 = e x u xxx , 

A\ 2 = (d t , xd u , d u , qtdt + x 2 d x + (x + l)ud u ) : 
F = x 8 e*F(uj 1 ,uj 2 ), 

G = 4z 6 e*(3u xx + 2xu xxx )F{uj 1 ,uj 2 ) + xe 3 ^~G(ui,u 2 ), 
uji = x 3 e*u xx , u 2 = x 4 e*(3u xx + xu xxx ), 
A\ 2 = (d u , xd u , d t , td t + (q~ l)xd x + (tx + qu)d u ) q ^ 1 : 

b = x 9-1 b (uji,uj 2 j, G — xG{ui,u 2 ) + 



q-1 ' 



q — 2 2q — 3 

^1 = xi-^u xx , UJ 2 = x 9-1 u xxx , 
A\ 2 = (d u , xd u , d t , td t + (tx + u)d u ) : 

F = — F(x, ), G — G(x, )+xm\u xx \, 

'^'XX ^^xx ^^xx 

A\, 2 = (xd u , d u , d t , td t + (1 - q)xd x + (t + u)9 u ) q ^ 1 : 
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F — x 9- 1 F(ui,U2), G = G(lui,lu 2 ) - 



9-1' 

2g-l 3q-2 
Wl = X i- 1 U xx , L0 2 = X 9-1 U xxx , 

A\ 2 = (xd u , d u , d t , td t + (t + u)d u ) : 

F = —F(x^), G = G(x^) + \n\u xx \. 

u xx u xx u xx 



invariant equations, 

A\ 3 = (d t , d u , d x , td t + xd u ) : 

F 6 F(u xx , u xxx ) i G e G{u XX) u xxx ) , 
A\ 3 = 9 U , d t , x<9 x + *9 tt ) : 

F = ^F(wi,w 2 ), G = G(ui, lu 2 ) - In \u x \, 

_ U xx U xxx 

^4.3 = ( d t, d u, xd u , td t - d x ) : 

F 6 F(u xx , u xxx j , G e G{u XX) u xxx ) , 
^4.3 = &u, td t + x 2 d x + xud u ) : 

F = x 8 e^F(cui,cu 2 ), 

G = Ax e (3u xx + 2xu xxx )e*F(u 1 , u 2 ) + xe*G(ui, 
id! = x 3 u xx , u 2 = x 4 (3u xx + xu xxx ), 
^4.3 = (d u , xd u , d t , xd x + (tx + u)d u ) : 

F = x 4 F(ui, lu 2 ), G = xG{uoi,uo 2 ) + x In 

_ _ 2 

— XU XX , U) 2 — X u xxx , 

A t.3 = ( xd u, d u ,d t , -xd x + td u ) : 

F = x F(u>i, o; 2 ), G = G(c<j 1 , cj 2 ) — In 

2 3 

CJi = x o;2 = X u xxx . 
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- invariant equations, 

A\ A = (d u , d x , d t , tdt + (t + x)d x + (x + u)d u ) 

F = e**F(u u u 2 ), G = G(u 1 ,u 2 ) - ^, 



u 2 



uj\ — e Ux u xx , u 2 — e 2Ux u xxx , 



A\ A = (d u , xd u , d t , td t -d x + (tx + u)d u ) : 

F = e'FiuuUt), G = e x G(u u U2) - y, 



x 2 



loi — e x u xx , u 2 — e x u xxx , 
A\ A = (xd u , d u , d t , td t + x 2 d x + [t + (x + l)u\d u ) : 
F = x 8 e*F(uJi, ou 2 ), 

G = 4x e (3u xx + 2xu xxx )e*F(ui, u 2 ) + xG(ui, u 2 ) 
loi = x 3 e*u xx , uj 2 = x 4 e* (3u xx + xu xxx ). 

- invariant equations, 

A\ 5 = (d t , d x , d u , td t + qxd x + pud u ), p ^ q : 

F = u x ^F(lu 1 ,lu 2 ), G = u x ^G{u 1 ,u 2 ), 

p-2g p-3q 
iOl = U x V U xx , Ld 2 = U x P U xxx , 

A 2 4 5 = (d t , d x ,d u , td t + qxd x + qud u ) : 

l-4q r,, 1-q r,, 

F„ p/ U XXX \ ^ „ ^1 U XXX 

= u xx q F[u x , —5—), G = u x q x G[u x ,- 



II II 

^XX ^xx 



A 45 = (d x , d t , d u , qtd t + xd x + pud u ), p^l: 



F = u%~* F(ui,u 2 ), G = mFg(wi,w 2 ), 

2-p 3-p 

ui = ul~ x u xx , L0 2 = U V x^U xxx , 
Aj 5 = (d x , d t , d u , td t + xd x + ud u ), p ^ 1 : 

o , XXX \ / > / > / ^^XXX \ 

F = u xx F(u x ,^-), G — G(u x , —3—), 
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^4.5 = ( d x, d u , d t ,ptd t + xd x + qud u ), q ^ 1 : 

2-q 3-q 

^4.5 = (§r» d u , d t ,ptd t + xd x + ud u ) : 

77 n-4ri/ U xxx . n~ln( u xxx \ 

= a*? u , tfy + (q - p)xd x + qud u ), p ^ q : 

— l+4q — 4p q — 1 

q — 2p 2q — 3p 

to 1 =x v-p u xx , u 2 = x i-p u xxx , 
^4.5 = ( d t, d u , xd u , td t + qud u ), q ^ : 

F = u x l F(x, ), G = u xx q G(x, ), 

U X x U xx 

A\ b = (d t , xd u , d u , td t + {p~ q)xd x + pud u ), p ^ q : 

1 — 4p+4q 1— p 

F = x 9-p F(uji, CJ2), G = x^pG^i, £^2), 

2q — p 3q — 2p 

UJ l=X i-P U xx , LU 2 = X 9-p M x:r:c , 

= dt, sd tt , gt<9t + (1 - p)x<9 x + u9 tt ), p 7^ 1 : 

q+4p — 4 g— 1 

F = x p- 1 F(ui,U2), G = xp- 1 G(u>i, u>2), 

2p-l 3p-2 

= (d u , d t , xd u , td t + ud u ) : 

F = —F{x, — ), G = G(x, 

^^XX ^^XX 

A\ 2 5 = (d u , xd u , d t ,ptd t + (1 - q)xd x + «9 tt ), g ^ 1 : 

p+4g— 4 p — 1 

F = x 9-1 F(ui, iv 2 ), G = x~G(u 1 , U2), 

2q-l 3q-2 

I0 l = X 1- 1 U xx , L0 2 = X 9-1 U xxx , 

A\% = (d u , xd u , d t ,ptd t + ud u ) ■ 

F=-j-F{x,——), G = u xx p G(x,—), 

Uxx u, xx U xx 
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A\ 5 = {xd u , d t , d u , qtd t + (p - l)xd x + pud u ), p ^ 1 : 

4p — q — 4 p — q 

F = x p- 1 F(ui, lj 2 ), G — xp^Gycui, cu 2 ), 

p-2 2p-3 

^1 = a?"- 1 ^,^ = x p- 1 u xxx , 
A\% = (xd u , d u , d t ,ptd t + (q- l)xd x + qud u ), q ^ 1 : 

4q — p — 4 q— p 

F = x 9-1 F(u>i, uj 2 ), G — x^ =l G(ui,U2), 

q — 2 2q — 3 

Wl = X^U XX ,UJ 2 = x~^u xxx . 



6 — invariant equations, 
(d t , d x , d u , qtd t + ipx + u)d x + (pu - x)d u ) : 



g(<? — 4p) arctan « 2 



^(^1,^2), 



K + I)' 

5u x u xx (2u x u xxx 3u x u xx 4~ 2u xxx )e^ ^ 



JUlltll^tjIim d«3;(* n ~T ^U XXX JK , . 

G = ^-,2 ,1^4 * ^1' ^ 



_ U xx arctan _ u x u xxx ^ u xU xx + U xxx 2p arctan ii, 

1_ K + i)§ ' 2 " K + i) 3 

(<9 t , <9 U , x<9 M , gt«9 t - (x 2 + 1)9 X + (p - x)u<9 u ) : 
F = (x 2 + l) 4 e 9arctanx F(wi,w 2 ), 

G = 4x(x 2 + l) 2 (2x 2 ?w + 3x Mra + 2«^)e 9arctan *F(cc> 1 ,^ 2 ) 

+ {X 1 + l)^^^ 11 ^^!,^), 

Wl = (x 2 + l)§eP arctan ^, u 2 = (x 2 + l)§e" ™ ct ™ x {x 2 u xxx + 3^ 



7 — invariant equations, 
(d u , d x , td x + xd u , -d t + xd x + 2ud u ) : 

-it -t -it -t u l 

F g F(u xx , e u xxx ) i G e (^("U^^e it^xx) "2"' 

t 2 

(9 U , 9 X , d t + x<9 u , £d t + (t + x)d x + (— + 2u)d u ) : 
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F — (t — u x ) 3 F(u xx ,uj), G—(t- u x )G(u xx ,to) + (t - u x ) In \t - u x \, 
to — (t u x )u x 



'•XXXl 

„2 



X 

(d u , xd u , -d x , xd x + (u- y)9 u ) : 



F(t,cu), G = — - — G(t,to), 



{u xx + 1) 4 ' u xx + 1 

a; x 

(u xx + l) 2 ' 



(d u , xd u , -d x , d t + xd x + (u - y)9 u ) : 

F = e 4 *F(cui,cu 2 ), G = e*G(wi,W2), 
wi = + l),w 2 = e 2 *M^, 



t 2 

(9 U , xd u , dt - d x , td t + xd x + (— + tx + 2u)d u ) : 
F = (t + xfFfw^, w), G = (t + x)G(u xx , u) + (t + x) In \t + x\, 

LO = (t + X)U XXX , 

(xd u , d u , x 2 d x + xud u , -xd x + (u- t^)<9«) ■ 
F = x s e- Ax3u **F{t,uj), 

G = 4x 6 e- 4x3uxx {2xu xxx + 3u xx )F{t,u) + xe- 2x3u **G{t,uj), 

LO X 6 (.•KU XXX ~\- 3u xx ) , 

(xd u , d u , x 2 d x + xud u , d t - xd x + (u- ^)9 U ) ■ 
F = x s e it F(io 1 ,Lo 2 ), 

G = Ax 6 e 4t (2xu xxx + Zu^F^, to 2 ) + x^G{u u co 2 ), 
loi = x 3 u xx + t, lo 2 = x 4 e t (xu xxx + 3u xx ), 

t 2 x 

(xd u , d u , d t + x 2 d x + xud u , td t - xd x + (t + u+ -^)d u ) ■ 

F = X 5 (l+txfF(L0 1 ,L0 2 ), 

G = Ax 5 t(l + tx) [(2xu xxx + 3u xx )t + 2u xxx }F(lo 1 , lo 2 ) + (1 + tx)G(oo 1 , lo 2 ) 
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/, \ , ,1+tX, 

+ (1 + tx) In I 1, 

x 

u)i = x 3 u xx , u 2 = x A [(xu xxx + 3u xx )t + u a 



invariant equations, 

(d u , d t , d x + td u , td t + qxd x + (q + l)ud u ) : 
F = u x q - 1 F(co l ,uj 2 ), G = u q x G(u 1 ,u; 2 )+x, 
ui = u q ~ x u xx , u 2 = u 2q ~ l u xxx , 

(d u , d t , (t + x)d u , td t + xd x + (q + l)ud u ) : 
F = x 3 F(uj 1 ,uj 2 ), G — x q G(uj 1 ,uj 2 ) + u x , 

LOi = X 1 q U xx , UJ 2 = X 2 q U xxx , 

(d u , d x , td x + xd u , (1 - q)td t + xd x + (1 + q)ud u ), q^l 

2 

3+g 2q U 

F = ti-flF(wi,w 2 ), G = ti-«G(wi,w 2 ) - y, 

2-2 

= tu xx , u 2 = U~ l u xxx , 
(d u , d x , td x + xd u , xd x + 2ud u ), q ^ 1 : 

1 1 u 2 

F = ^F(t,u xx ), G = —G(t,u xx ) - -f, 

(d u , d x , d t + xd u , qtd t + xd x + (1 + q)ud u ), q ^ : 

4— q 1 

F = (t-u x ) « F(cji,cj 2 ), G — (t — u x ) i G(u\, lu 2 ), 
Ui = (t- U x ) i u xx , u 2 = (t - U x ) i u xxx , 
(d u , d x , d t + xd u , xd x + ud u ) ■ 

F = -^F(ui,u 2 ), G = —G(ui, u 2 ), 

U xx U ^x 
U xxx 



Ui=t- U x , L0 2 = 



2 ' 



(d u , xd u , ~d x , -xd x + td u ) ■ 
F = ±-F{t,u), G = G{t,u) + 1 ^^ 



U X x 
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Uxxx 

w = —s-, 

Uxx 



Al.s = (d u , xd u , -d x , qxd x + (1 + q)ud u ), q ^ 1 : 

4g 1+2 

F — Uxx" F(t,uj), G = Uxx q G(t,u;), 

l-2q 

— Uxx Uxxx-i 

^4.8 = ( d u, xd u , -d x , xd x + 2ud u ) : 

F = -^—F{t,u xx ), G = -^—G(t,u xx ), 

11 u 

A\° 8 = {d u , xd u , -d x , d t + qxd x + (1 + q)ud u ) : 

F = e ( 1+9 >*F(wi, w 2 ), G = e^G^i, w 2 ), 
= e^-^Uxx, uj 2 = e {2q ~ 1]t u X xx, 
A\\ = {d u , xd u , d t - d x , qtd t + (1 + q)xd x + qud u ), q ^ : 

F= (t + x) 3 F(u u u 2 ), G= (t + x)<G(u u u 2 ), 

Wl = (* + X) i U xx , U 2 = {t + X) i Uxxx, 

g = {d u , xd u , dt — d x , xd x ) : 

F = F (t + Xi ^) f G = UxxG{ t + x ^) i 

Uxx U X x 

A\% = {d u , xd u , d t - d x , ad t + xd x ), a^O: 

t-\-x 

F = F(uii, oj 2 ), G = e~G{uJi,uj 2 ), 

t-\-x t-\-x 

ui — e <* u xx , uj 2 = e <* Uxxx, 
A\% = {xd u , d u , x 2 d x + xud u , -qxd x + ud u ), q ^ 1 : 



4£+8 



_4q_ 



F = x—Uxx q F{t,uj), 

6q+6 4?" 2 g +4 1±2 

G = Ax !-« u xx 9 (3u xx + 2xu xxx )F{t,uj) + x l -* u X x q G{t,uj), 



22+1 



2q— 1 



a; = x !-« u xx (3u xx 4" XU XX x), 
A\% = {xd u , d u , x 2 d x + xud u , -xd x + ud u ) : 
F(t, x u xx ) 



F = 



x^(3u xx 4~ xu xxx )^ 
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_ 3u xx -\- 2,XU XXX T?(-j- 3 \ , G(t, U X x) 



(Stijjj; ~\~ xu xxx )^ (3u xx -\- xu xxx )'^ 

(xd u , d u , x 2 d x + xud u , xd x + (tx + u)d u ) : 



F = ^-F(t,u), 

<x 



3tia;a! 4~ XU XXX 
OJ = s . 

i I 

2? 2 U xx 



(xd u , d u , x 2 d x + xud u , d t - qxd x + ud u ) : 
F = x*e 4 *F(w 1 ,w 2 ), 

G = 4x 6 e 4qt (3u X x + 2xu XX x)F{u 1 ,u 2 ) + x4 1+ ^ t G{u 1 ,u 2 ), 
ui = x 3 e (q ~ 1)t u xx , u 2 = x A e {2q ' l)t {3u xx + xu XX x), 
(ud x , d x , d t + xud x + u 2 d u , qtd t + xd x - qud u ), q ^ : 

u x 

G = g [-5(2u x u xxx - 3u 2 xx )u xx u 2 + S(u x u X xx ~ 3 

U x 

+ %u A x u xx ]F(u) u u) 2 ) - u 1 '*^ + tu)«u x G(uJi,uj 2 ), 

_ u 2+ «(l +tu) 1 ~* 
^i — ; u xx , 

ui 

■U 6 " (1 + tu)~i~ 2 2 2 

u 2 = [{UxUxxx - 3u xx )u + 3u x u xx \, 

u% 

(ud x , d x , d t + xud x + u 2 d u , xd x ) : 
F = x*F(u 1 ,u 2 ), 

G = 4x 6 (3u xx + 2xu xxx )F(u 1 ,uj 2 ) + x A u xx G(u u u 2 ), 
1 x[3u X x ~\~ %U XX x) 

Ui—t + -, UJ 2 = 



X u 



xx 
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A4.9— invariant equations, 

A\ g = (d u , d x , td x + xd u , -(1 + t 2 )d t + (q- t)xd x + (- y + 2qu)d u ) : 

„— 2<jrarctant . 2 

F = e -^-tant (l +t 2 )ir(wi)W2)j G = G(ui,U 2 ) ~ f, 



U! = (1 + * 2 )u xiB - f, CU 2 = e - garCtan *(l + t 2 )f U 



3 

" xxx- 



A i w — invariant equations, 
^■4.10 = ipxi d u , %d x + ud u , ud x — xd u ) : 



u 4 

u xx 



■F(t,u), 



= \ 15^.(1 + t£) 2 - 10^^(1 + u 2 x f\F{t, u) + (1 + M ' )2 G(t, w ), 



u xx u xx 



'^'XXX / O \ 

uj = — ^— (1 + uj - 3m 2 



^4.10 = (®x, d u , xd x + ud u , d t + ud x - xd u ) : 

„ (1+^) 4 



*4 



-F(ui,u 2 ), 



G = [15 Uxi \ +ul) \ u x - 2^) - iq ^( 1 + ^) 3 K _ u^i^u*) 



Uxx U xx 



+ —G(uji, LU 2 ), 



ui = t + arctan-u^, c^2 = — — (1 + u x ) + 3(u;i — u x ), 

U xx 



^iio = (dx, d u , d t + xd x + ud u , ud x - xd u ) ■ 

G = -5-^%[2u xxx (l + ul) - Su^Je^F^, u*) + (1 + u^G^x 
(1 + w 2 ) 4 

_ u xx . u xxx (l + u 2 x ) — 3u x u xx ot 

^lio = (dx, d u , d t + x9 x + ud u , d t + ud x - xd u ) : 
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g4(i+arctan u x ) 

G = -5^f^[2u xxx (l + 4) - 3 M ^L]e 3marctan "^(^,c 2 ) 
+ (l + ^)l e arctan ^G(^ 1 ,^ 2 ), 

U ^x t +arctan u x , , u xxx(^- + — ?>U X U 2 XX 2 (t+aicta.nu x ) 

(1+^)2 

^4.10 = (d u , xd u , ud u , -(1 + x 2 )d x - xud u ) : 
F= (l + x 2 ) 4 F(t,cu), 

G = 4x(l + x 2 ) 2 [2(l + x 2 )u xxx + 3xu xx ]F(t, u) + (1 + x 2 ) V X G(£, w), 
cu = ^(l + x 2 ) + 3x, 

^4.10 = (^u, x ^tt) ®t - (1 + a^ 2 )^ - a;w<9 u ) : 
F=(l + ^) 4 %"2), 

G = — 8(1 + re 2 ) 2 y [tan 2 (o;i — s) + 1] [3(x — tan(o; 1 — s))u xx + (1 + x 2 )u xxx ]ds 

F(u u u 2 ) + (1 + x 2 ) V^GVi, w 2 ), 

c^x = t + arctanrr, cj 2 = —^(1 + a; 2 ) + 3(x — ui), 

l^xx 

^4.10 = a;^, + ud u , -(1 + rc 2 )^ - xud u ) : 
F={l + x 2 fF{uo l ,uj 2 ), 

G = 4x(l + x 2 ) 2 [2(l + x 2 )u xxx + 3xu xx \F{u 1 ,u 2 ) + (1 + x 2 )5 e *G(wi, w 2 ), 
ui = (1 + x 2 Yq~ 1 u xx , uj 2 = (1 + a; 2 )2e"'[(l + x 2 )^* + 3xu xx ], 
^4.10 = (^«, ^u, 9 t + ud u , dt - (1 + a; 2 )<9 x - rra<9 u ) : 
F = (l + x 2 ) 4 F(a; 1 ,a; 2 ), 

G = 4r(l + x 2 ) 2 [2(l + x 2 )u xxx + 3xu xx ]F(cu 1 ,lu 2 ) + (1 + x 2 )h t+a * ct ™ x G(u; 1: u 2 ), 



{l + x 2 )i (l + x 2 )f r/i 2 

= e t+arctan, ^^ W 2 = ^^[(1 + * + 3^]. 
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